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Recent simulations have indicated that the traditional model for topographical fluctuations in
biomembranes should be enriched to include molecular tilt. Here we report the first experimental data
supporting this enrichment. Utilizing a previously posited tilt-dependent model, a height-height correlation
function was derived. The x-ray scattering from a liquid crystalline stack of oriented fluid phase lipid
bilayers was calculated and compared with experiment. By fitting the measured scattering intensity, both
the bending modulus Kc ¼ 8.3� 0.6 × 10−20 J and the tilt modulus Kθ ¼ 95� 7 mN=mwere determined
for DOPC lipid bilayers at 30 °C.
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Many biological processes involve changes to membrane
topography [1,2]. The energy required to deform a nomi-
nally flat membrane has traditionally been quantified by the
Helfrich-Canham (HC) model [3,4]. This is a continuum
model which essentially treats the membrane as a deform-
able plate without internal structure [5]. For a tensionless,
symmetric bilayer with fixed topology, the only material
descriptor in the model is the bending modulus Kc. Since
this level of description is appropriate for many aspects of
biomembrane mechanics [6], quantifying Kc has been the
purpose of many experiments [7–10].
For length scales shorter than several membrane thick-

nesses, many simulations [11–17] have reported significant
deviations from the HC model, specifically in the measured
height-height fluctuation spectrum. At first, the differences
were attributed to molecular protrusion modes [11–13].
By considering a free energy that includes molecular tilt
with a corresponding material property, the tilt modulusKθ,
systematic deviations from HC model predictions have
been derived [14,15], and estimates of Kθ have been
reported from simulations [14–17].
Earlier, molecular tilt was invoked to discuss orienta-

tional order in vesicles [18], the ripple phase [19], inverted
amphiphilic mesophases [20], as well as fluid membranes
[21]. The tilt m of a lipid molecule was quantified by the
deviation of the director n of the molecule from the normal
N to the monolayer surface, m ¼ ðn=ðn ·NÞÞ − N, where
n and N are unit vectors [18] (see Fig. 1). More recently,
other researchers have considered the ramifications of tilt
on the spectra of simulated fluid lipid membranes [14–16].
The inclusion of tilt-dependent terms is a fundamental

modification to the HC model. As tilt is defined for each
molecule, this modification asserts the importance of
internal degrees of freedom on membrane mechanics.
A tilt degree of freedom has previously been claimed to
significantly influence interlipid, intermembrane, and
membrane-protein interactions (see the Introduction of
Ref. [15] for a succinct review).

However, as of yet, there is no experimental support for
the addition of tilt to the HC model to describe the fluid
lamellar phase. Here we show the first experimental data
that support inclusion of molecular tilt to traditional
membrane mechanics theory. We derive predictions of a
tilt model and compare to measured x-ray scattering from
stacks of oriented fluid lipid bilayers. Our measured tilt
modulus value for a typical lipid bilayer should be helpful
for validating simulations.
The experimental system consisted of a stack of ∼2000

lipid bilayers with average out-of-plane periodicity D
(see Fig. 1). The lipid was DOPC (1, 2-dioleoyl-sn-3-
phosphocholine) purchased from Avanti Polar Lipids
(Alabaster, AL). The sample was supported on a silicon
wafer and scattering measurements took place at the
Cornell High Energy Synchrotron Source (CHESS),
following published protocols [22,23]. At the beamline,
the sample was placed in a hydration chamber maintained
at 30 °C, and the sample was hydrated through the vapor
phase. The DOPC bilayers were in the fluid phase (relative
humidity > 99%) for all reported results. The x-ray wave-
length was 1.175 Å.
Each bilayer in the stack is modeled starting from a

recently hypothesized bilayer free energy [16]. The ratio
of the bending-compression coupling and membrane

FIG. 1 (color online). A diagram of the bilayer stack is labeled
to illustrate the two fluctuation fields and various definitions
given in the text. The lighter colored region in the jth bilayer is
shown expanded in the right-hand side.
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compressibility modulus is assumed to be much less than
the average monolayer thickness, and the twist free energy
contribution is neglected. Employing the notation in
Ref. [16], the membrane fluctuations are then described
by two membrane fields zþj ðrÞ and m̂jðrÞ, where j indexes
the membranes in the stack and r ¼ ðx; yÞ is the indepen-
dent in-plane variable (see Fig. 1). The height field zþj ðrÞ is
the spatial deviation in the z direction of the jth bilayer’s
center from its average position; this is the only field in the

conventional HC model. The tilt field m̂jðrÞ ¼ 1
2
½mð1Þ

j ðrÞ −
mð2Þ

j ðrÞ� describes the collective molecular tilt of the jth

bilayer, wheremðαÞ
j is the tilt field for the jth top or bottom

monolayer, α ¼ 1 or 2, respectively. The model free energy
functional for the bilayer stack is then expressed as

F ¼ 1

2

X

j

Z
dr

�
Kcð∇2

rz
þ
j þ∇r · m̂jÞ2 þ Kθm̂2

j

þ Bðzþjþ1 − zþj Þ2
�
; ð1Þ

wherevector calculus operations only actwithin the xy plane
and B is the bulk modulus. The first and second terms
account for the bending and tilt energy of the jth bilayer,
respectively. The third term is a harmonic approximation to
the interactions between adjacent bilayers which has been
shown to be reasonable [24]. Equation (1) is a tilt-dependent
extension of a discrete free energy functional previously
utilized to describe x-ray scattering from membrane stacks
[22,23,25–27], originally from liquid crystal literature [28].
The height fluctuation spectrum was derived following

standard methodology [14]. Assuming periodic boundary
conditions, the fluctuation variables (zþj ðrÞ; m̂j;xðrÞ;
m̂j;yðrÞ) are rewritten in terms of Fourier series
with amplitudes (~zðQÞ; ~mxðQÞ; ~myðQÞ), where Q ¼
ðQx;Qy;QzÞ. For instance, zþj ðrÞ ∝

P
Q ~zðQÞeiQr·rþiQzjD,

where Qr ¼ ðQx;QyÞ. Substituting the Fourier series
expressions for the fluctuation variables into Eq. (1) and
applying the equipartition theorem leads to equations
for the fluctuation spectra. Only the height fluctuation
spectrum is required for later derivations,

hj~zðQr;QzÞj2i

∝ kBT
1þ KcQ2

r=Kθ

KcQ4
r þ 4Bð1þ KcQ2

r=KθÞsin2ðQzD=2Þ : ð2Þ

Adding a membrane-membrane interaction term to the
complete free energy in Ref. [16] also leads to Eq. (2),
indicating that the simplified free energy functional Eq. (1)
is sufficient to describe the height fluctuations.
The scattering intensity is related to the height-height

pair correlation function which was derived using Eq. (2),
following [29],

h½zþj ðrÞ − zþ0 ð0Þ�2i

¼ D2η

2π2

Z ð1=2Þðπξ=aÞ2

0

du
1 − J0ð

ffiffiffiffiffiffi
2u

p
r
ξÞð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p
− vÞ2jjj

v
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p ;

ð3Þ

where v2 ¼ u2=ð1þ ulÞ, l ¼ 2ξ2θ=ξ
2, ξ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

Kc=B
4
p

,
ξθ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kc=Kθ

p
, and η ¼ πkBT=ð2D2

ffiffiffiffiffiffiffiffiffi
KcB

p Þ. π=a is the
longestQr mode beyond which the continuum treatment of
the system is no longer valid. In the limit Kθ → ∞ (v → u),
Eq. (3) reduces to the tilt-independent theory [25]. The
integrand of the tilt-dependent correlation function decays
like u−1 as opposed to u−2 for infinite Kθ. The primary role
of l is to moderate the decay of the integrand for given
in-plane length r. The natural parameters of the theory are
the three dimensionless variables η, ρ ¼ r=ξ, and l from
which Kc, Kθ, and B are determined. The value of B
(8.5 × 1013 J=m4 at D ¼ 63.0 Å) did not depend on the
inclusion of tilt, so only the single membrane moduli, Kc
and Kθ, are further discussed.
The height-height pair correlation function was incorpo-

rated into previously reported x-ray scattering formalism
[22,23] to calculate theoretical low-angle x-ray scattering
from the membrane stack. Previous studies have argued
that the scattered intensity from a bilayer stack can be
expressed as a product of two functions, the form factor
squared jFðkzÞj2 and the structure factor Sðkr; kzÞ [30].
Note that Q corresponds to the Fourier space of the sample
while the scattering vector is expressed as a function of k.
FðkzÞ is the Fourier transform of a single bilayer electron
density along the z direction. Sðkr; kzÞ is related to Eq. (3)
[22]. During an x-ray exposure, the incident angle α was
continuously modified by rotating the sample between
−1.6° and 7° (see the left-hand side of Fig. 2). Therefore,
the intensity counted by a given CCD pixel is the sum
over many different k ¼ ðkx; ky; kzÞ values where k-space
coordinates are parallel to their real space analogs. The
aforementioned effect is formally realized by integrating
Sðkr; kzÞ over the appropriate values of ky. Consequently,
the measured intensity is only kx and kz dependent. For
fixed kz ¼ k0z, jFðk0zÞj2 is the multiplicative factor that most
successfully scales Sðkx; k0zÞ to reproduce Iðkx; k0zÞ.
Figure 2 shows the collected intensity from the bilayers

at D ¼ 63.0 Å. Before fitting Iðkx; kzÞ, background scat-
tering was subtracted whose sources include water between
the bilayers, various vapors (helium, water, and air), and the
sample chamber windows. Within the k range of interest,
the scattering intensity from the water between the bilayers
Iwðkx; kzÞ was assumed to have the form AðkzÞ þ BðkzÞk2x.
AðkzÞ and BðkzÞ were determined by a linear least squares
fit using data (0.3≲ jkxj≲ 0.4 Å−1) symmetrically chosen
with respect to kx ¼ 0. The A’s and B’s were then used to
subtract Iw from the intensity fitted by the theory.
A nonlinear least squares fit was performed on the data

within the red boxes in Fig. 2, yielding mechanical moduli
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values and jFðkzÞj2. Data and theory are compared in
Fig. 3. For kx ≲ 0.07 Å−1 (see vertical dashed line in
Fig. 3), data and both theories are in excellent agreement.
For greater kx the tilt-independent theory deviates system-
atically from the data. Clearly, the tilt-dependent theory
more successfully accounts for the data. The resulting
material parameter values are Kc ¼ 8.3� 0.6 × 10−20 J
and Kθ ¼ 95� 7 mN=m for the tilt-dependent theory
and Kc ¼ 6.9� 0.3 × 10−20 J for the tilt-independent
(infinite Kθ) theory. Uncertainties indicate one standard
deviation, considering the fitted moduli values from five
exposures from different parts of the same sample.
The different results of employing tilt-dependent and

tilt-independent theories can be understood by considering
the differences in their respective height fluctuation spectra,
given by Eq. (2) for finite and infinite Kθ. As was first
emphasized [14], a tilt-dependent model yields a slower
decaying height fluctuation spectrum (see Fig. 4), crossing
over from a Q−4

r dependence in the tilt-independent model
to a Q−2

r dependence at Qr ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kθ=Kc

p
∼ 0.1 Å−1. Since

the tilt-dependent spectrum has more power at larger Qr, it
predicts more short wavelength fluctuations and therefore
increased scattering at larger kx. Comparing the height
spectra also explains the difference in fitted Kc values. To
compensate for the high Qr tilt contribution to the height
spectrum, the tilt-independent theory underestimates Kc.
Analyses of simulations have similarly found that the

tilt-independent theory underestimates the value of Kc
compared to the tilt-dependent theory [14,15].
The tilt-dependent and tilt-independent x-ray scattering

predictions can be understood from a second, more
detailed, perspective. Height-height pair correlation func-
tions Eq. (3), h½zþj ðrÞ − zþ0 ð0Þ�2i≡ CjðrÞ, and pair scatter-
ing correlation functions, GjðrÞ≡ exp f−k2zCjðrÞ=2g, are
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FIG. 2 (color online). A diagram of the experimental geometry
and a CCD image of the scattered intensity from a stack of DOPC
bilayers at 30 °C with repeat spacing D ¼ 63.0 Å are shown. On
the left, the broader gray slab is the Si substrate with the DOPC
bilayer stack depicted as the narrower lighter gray parallelogram.
On the right, the gray scale depicts increasing intensity from
black to white. The red boxes indicate regions of data fitted
by the theory. The highly attenuated direct beam is visible at
kx ¼ kz ¼ 0 Å−1, and the black region along the meridian for
kz ≲ 0.2 Å−1 is the shadow of a molybdenum attenuator through
which the first two lamellar orders are visible. The narrow streak
at kz ≈ 0.26 Å−1 and kx ≈ 0 Å−1 is specular reflectivity from
rotating the substrate angle α.

FIG. 3 (color online). Scattered intensity as a function of kx is
shown for several typical values of kz, and at the bottom is shown
an average over all ∼200 fitted kz values, k̄z (see Fig. 2). Solid
and dashed lines are best fits to the data for tilt-dependent and
tilt-independent theories, respectively. The data (open symbols)
and fits have been vertically offset to improve visibility. Repre-
sentative error bars for kz ¼ 0.35 Å−1 correspond to �1 standard
deviation.

FIG. 4 (color online). Theoretical height fluctuation spectra for
a single membrane are plotted for Kθ ¼ 95 mN=m and Kθ ¼ ∞,
solid and dashed lines, respectively, for Kc ¼ 8.3 × 10−20 J. For
Qz ¼ 2π=D, Eq. (2) reduces to the single membrane spectrum.
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plotted in Fig. 5 for finite and infinite Kθ values. The
predicted scattering intensity is proportional to a sum of
GjðrÞ over j. CjðrÞ can be shown to logarithmically diverge
for r ≫ ξ ∼ 50 Å, as has been well known for the tilt-
independent theory [31]. Except for j ¼ 0, the difference
between the tilt-dependent and tilt-independent CjðrÞ is
approximately a constant β. It follows that tilt-dependent
and tilt-independent Gj≠0ðrÞ are related by the scaling
factor exp f−k2zβ=2g (see Fig. 5, right-hand panel). Since
it is only kz dependent, the aforementioned multiplicative
prefactor acts similarly to jFðkzÞj2, a kz-dependent scaling
factor for Sðkx; kzÞ. Therefore, even though there are many
j ≠ 0, Cj≠0ðrÞ are not the most significant contributors to
the differences between tilt-dependent and tilt-independent
x-ray scattering predictions. Focusing on the right-hand
panel of Fig. 5 and the j ¼ 0 case, the finite Kθ case is
shifted left to smaller length scales relative to the infinite
case. Consequently, short length scales influence the x-ray
scattering theory more for finite Kθ than in the infinite case.
The differences in predicted x-ray intensity from the
tilt-dependent and tilt-independent theories are primarily
attributable to modifications to the j ¼ 0 correlation
function, the in-plane correlations within a given
membrane.
The presented measurements are the first experimental

support of a tilt-dependent theory for the fluid lamellar
phase. The HC model predicts small but systematic devia-
tions from the measured x-ray intensity, motivating the
use of a more complex, tilt-dependent theory. Since the
HC model assumes a homogeneous membrane, it is not
surprising that it fails to predict scattering at large kx,
corresponding to length scales smaller than membrane
thickness. The aforementioned length scales are the
most affected by a tilt-dependent theory. The measured
Kθ value (95� 7 mN=m) for DOPC compares favorably
with molecular dynamics simulations on various lipids that

report Kθ values from 52 to 110 mN=m [11,12,14,16,17],
where we have reinterpreted the reported protrusion tension
values [11,12] as Kθ values. The only prior experimental
study investigated inverted mesophases of DOPE and
inferred Kθ ≈ 80 mN=m. Some coarse estimates have
suggested Kθ ≈ 100 mN=m independent of a specific lipid
molecule [21,32]. While the results have been interpreted
within a tilt-dependent membrane model, any model that
predicts a height fluctuation spectrum similar to Eq. (2)
would likely be consistent with the measurements. It is
worth noting, however, that thickness fluctuations, first
observed in simulations [12] and more recently indicated
experimentally [33], do not couple to the height fluctua-
tions in Eq. (2) [15].
It is uncertain whether any other experimental technique

can simultaneously measure both Kc and Kθ. Mechanical
manipulation [8] and shape fluctuation analysis [7,10] of
giant unilamellar vesicles are capable of quantifying Kc,
but they primarily probe length scales for which Kθ only
marginally affects membrane mechanics [32]. An advan-
tage of the presented x-ray method is that short wavelength
fluctuations (≲100 Å) are the most significant contributors
to scattered intensity at larger kx ≳ 0.07 Å−1. Even so, the
intensity at larger kx (see Fig. 3) is considerably weaker
than the intensity at smaller kx that primarily determines
Kc. Therefore, previous analyses from this lab using noisier
data and the standard HC model appeared satisfactory [23].
Our current results show that inclusion of a tilt degree of
freedom increases the apparent Kc value by ∼20%. This is
understandable because the total softness of the membrane
was formerly modeled just by a Kc “spring constant”;
adding another softening degree of freedom requires Kc to
increase for the same degree of overall softness. However,
the system is more complex than two ideal springs in series
since the system’s response to Kc and Kθ is kx dependent,
allowing both moduli to be experimentally measured.

FIG. 5 (color online). For Kc ¼ 8.3 × 10−20 J, height-height pair correlation functions CjðrÞ Eq. (3) (linear-log, left) and pair
scattering correlation functions GjðrÞ (log-log, right) are plotted for Kθ ¼ 95 mN=m and Kθ ¼ ∞, solid and dashed lines, respectively.
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Our experimental results support extending the conven-
tional HC model to include a tilt degree of freedom. The
corresponding tilt modulus Kθ is therefore an essential
material parameter for short length scale membrane
mechanics. Further, a tilt-dependent model may be critical
to understanding various membrane-biomolecule inter-
actions since the typical size of many membrane-active
molecules is smaller than membrane thickness.
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