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Abstract

Recent simulations have indicated that the traditional Helfrich-Canham model for
topographical fluctuations in fluid phase biomembranes should be enriched to include
molecular tilt. Experimental evidence supporting the aforementioned enrichment is
reported. The current work is a tilt-dependent analysis of the X-ray scattering from
oriented stacks of fluid phase lipid bilayers. By analyzing several X-ray exposures
from different DOPC samples, final single membrane mechanical moduli values of
K.=8440.6 x10713 ergs and Ky = 9047 mN/m are determined at 30 °C. The tilt-
dependent K -value is ~20% greater than its tilt-independent analog, and therefore,
it compares more favorably with K .-values reported for some of the other experimen-
tal techniques as well as values determined from molecular dynamics simulations. The
experimentally determined Kjy-value is between 10 and 20% greater than values re-
ported from molecular dynamics simulations, more consistent than the corresponding
K.-values. As of yet, there is no other experimental technique that has determined
the value of Ky. The determined tilt-dependent and tilt-independent form factors are
consistent, but the interpretation of the form factor within the tilt-dependent and
-independent models is not identical.

First, a tilt-dependent stacked bilayer free energy functional is hypothesized, based
on a recent single membrane tilt-dependent free energy. Then, a tilt-dependent
stacked bilayer electron density is posited, and a novel form factor / structure fac-
tor separation is derived. The height-height correlation function remains the most
important statistical quantity for predicting the X-ray scattering from stacked bi-
layers. The tilt-dependent height-height correlation function is derived as well as
an approximate analytic form for long in-plane length scales. Importantly, both the
tilt-dependent and tilt-independent analytic approximations logarithmicly diverge for
increasing in-plane length scales; both theories predict quasi-long range order of the
height-height correlations. The theoretically predicted intensity is modified by several
sample concerns including domain sizes and mosaicity and several experimental issues
such as X-ray beam coherence, geometric broadening, and absorption of the incident
and scattered X-rays. Measured scattering intensity from stacked DOPC bilayers
are analyzed using both tilt-dependent and -independent models. The tilt-dependent
model is shown to better account for the measurements, supporting the extension of

the classic Helfrich-Canham model to include a tilt degree of freedom.
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experimentally accessible because the substrate blocks the outgoing
scattering, see Fig. 5.11. The cyan line indicates the p, position of the
specular scattering as a function of w, p, = stan (2w). The boundary
between grayscale and diagonally patterned lines is described by p, =

stanw. For fixed w, U significantly increases as a function of p,. . . .

Scattering geometry describing the maximum substrate rotation angle
w before scattering from the sample (green rectangle) at pixel p, is
blocked by the substrate (gray rectangle). The red solid and dashed
lines show the beam path without a sample. The thickness of the

sample (10 pm) and substrate (1 mm) are not drawn to scale.

¢} (0, p., w) Eq. (5.130) is plotted for A\ = 1.17 A, p, = 0.07113 mm /pixel,
and § = 365 mm. The triangular (w,p,)-region patterned with red
diagonal lines is not experimentally accessible because the substrate
blocks the outgoing scattering. The cyan line indicates the p, position

of the specular scattering as a functionof w. . . . . . . . . . .. ...
¢}(300, p.,w) Eq. (5.130) is plotted for A = 1.17 A, p, = 0.07113
mm/pixel, and S =365mm. . . . . ...
¢t (ps, p-) Eq. (5.134) is plotted for A = 1.17 A, p, = 0.07113 mm /pixel,
and S = 365 mm. g, (p,,p.) is better approximated by ¢ (p.) for p, =0
as compared to p, =300. . . . . ...

The CCD integral g,-limits as a function of ¢, at various ¢, values (as

shown in the legend). The pairs of lines depict upper and lower limits.
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The red dashed line is a guide to the eye to emphasize the ¢,-dependence.103

The background subtracted scattering intensity from a stack of DOPC
bilayers is shown. The beam stop covers the region defined by ¢, <
02 A and ¢, < 0.08 A~'. Intensity is indicated by the linear
grayscale. The red pixels indicate intensity less than zero. The pre-
dicted theoretical intensity is fitted to measured data within the cyan
rectangle (0.01 < ¢, < 022 A= and 0.3 < ¢. < 0.6 A~!). This
chapter demonstrates why these are the data that are fitted to obtain

mechanical moduli. . . . . . . ...,
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SECDJ is shown using a logarithmic grayscale for the parameter values
in Table 6.1. The peaks along ¢, centered at g, = 0 correspond to the
repeat out-of-plane distance. The peaks are decreasingly apparent for
increasing ¢, primarily because of bilayer midplane fluctuations. For

constant q,, Scp ; decays for increasing |qg|. . . . . . . ... L.

SEcp, is plotted as a function of ¢, for various K -values. The curves
have been normalized at ¢, = 0.01 A~', and additionally, the solid
lines are vertically offset by 107! to improve visibility. See Table 6.1

for parameter values. . . . . . . . .. ...

SEcp, 1s plotted as a function of g, for various B-values. The curves
have been normalized at ¢, = 0.01 A~!, and the solid lines are vertically
offset by 1071, . . . ..

SEcp, is plotted as a function of g, for various Ky-values. The curves

have been normalized at ¢, =0.01 A='. . . . ... ... ..

SgCD’l(qx, q.) is plotted as a function of ¢, for £, = 600 Aand Z =
&re ~ 6000 A. The curves have been normalized at ¢, = 1 A=, Beyond

q. ~ 0.55 A-1 the curves continue to CONVETZE. . . . . . « o o v v v ..

SEcp. (4, g2) 1s plotted as a function of ¢, for .2, = 600 Aand 6000 A.
The curves have been normalized at ¢, = 0.2 A~'. The vertical gray
dashed-dotted line indicates the typical smallest analyzed q¢,-value, see

Fig. 6.1. Beyond ¢, = 0.1 A~ the curves continue to converge. . . . .

Stcpa(Ges ¢2) is plotted as a function of ¢, for £, = 400 A and
800 A. The curves have been normalized at ¢. = 1 A~'. Beyond

q. ~ 0.55 A-1 the curves continue to CONVETZE. . . . . « o o o v v v ..

SEcp.a (e, g2) is plotted as a function of ¢, for £, = 400 A and 800 A.
The curves have been normalized at ¢, = 0.2 A='. Beyond ¢, =~

0.1 A~! the curves continue to converge. . . . . . . .. . ... .. ..

SgCDJ as a function of ¢, is plotted for various a-values. The curves

have been normalized at ¢, =0.01 A='. . . . ... ...
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6.11 SECDJ(%,QZ) as a function of ¢, for ¢, = 0.08 A~" is plotted (solid
lines) for various a-values, holding other parameters constant. The
curves have been normalized at ¢, = 0.3 A~!. Applying an approximate
analytic relation for Sfcp ; as a function of a, the solid lines are nearly
collapsed to a single dashed curve, vertically offset by 10~! to improve
visibility. The small peaks at ¢. ~ 0.1 A=* (h = 1) are referred to as
“spikes” in Section 5.3.2. . . . . . . .. ..

6.12 The ratio of the a = 12 A and a = 16 A g,-curves to the a = 8 A curve
for ¢, = 0.08 A= is plotted. For ¢. < 0.25 A~!, the ratios are nearly
1, but for larger ¢.-values, the ¢.,-dependence of the different a-value
curves is significant. In the figure legend, % is either 12 (darker gray

solid line) or 16 (lighter gray solid line). . . . . . . . . .. ... .. ..

6.13 S(F;CD’1 (¢, ¢-) as a function of g, is plotted for Gaussian and exponential
subvolume distributions at ¢, = 0 A~ and ¢, = 0.01 A='. The curves
have been normalized at ¢, = 1 A~'. Beyond ¢, ~ 0.55 A~! the curves

continue to converge. . . . . . .. Lo Lo o
6.14 SgCD,l (9x, g») as a function of ¢, is plotted for Gaussian and exponential
subvolume distributions at ¢, = 0.3 A=! and ¢, = 0.35 A~1. The curves
have been normalized at ¢, = 0.2 A~!. Beyond ¢, ~ 0.1 A~! the curves
continue to converge. The vertical dashed-dotted gray line shows the
minimum q,-value typically analyzed. . . . . . . . . .. .. ... ...
6.15 Relative difference Ah§ Eq. (6.5) is plotted as a function of p for several
L./a with j =0, £ = 0.06, 7 = 100, and J — oo. Recall that p = r/¢,
and typically, € ~ 50 A. The j = 0 case was chosen since it makes the
dominant contribution to the predicted X-ray scattering intensity.
6.16 Relative difference ARf Eq. (6.5) is plotted as a function of p for several
J with 7 =0,¢=0.06, 7=100, and L, = o0. . . . .. ... .....
6.17 Step, (left-hand side) and Sfcp o (right-hand side) are shown using
the same logarithmic grayscale for the parameter values in Table 6.1.

6.18 SgCD,l and Sgcfm are plotted as functions of ¢ for g,-values of 0 A=! and
0.01 A='. The curves are normalized at ¢, =09 A~'. . . . . ... ..

6.19 SEcp, and S¢ep 5 are plotted as functions of ¢, for ¢.-values of 0.3 A1
0.35 A=', and 0.7 A~'. The curves are normalized at ¢, = 0.2 A~
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7.3
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7.7

The background subtracted scattering intensity from a stack of DOPC
bilayers is shown. Intensity is expressed by a linear grayscale except
that red pixels indicate intensity less than zero and white indicates
intensity greater than 200. The predicted theoretical intensity is com-
pared to the measured data within either the two cyan dashed rectan-
gles or within the solid magenta rectangle. o3, is the mean square

intensity within the yellow rectangle where the mean is essentially zero.

The green circles show the positions of the Caillé peaks for D = 63.8 A.136

Measured data and tilt-dependent and -independent fits are plotted
as functions of ¢, for several ¢.-values. Representative error bars for
¢ = 0.35 A~ correspond to +0,. The curves have been vertically
offset to improve visibility. Note, due to the logarithmic vertical axis,

negative intensity values are not plotted. . . . . . . . . .. ... ...

After averaging over all fitted g¢.-values, the measured data and tilt-
dependent and -independent fits are plotted as functions of ¢,. Also,
the scaled residuals R for both fits are plotted as functions of ¢,. The
dashed-dotted gray line is a guide to theeye. . . . . . . . . .. .. ..

X2 4-values from tilt-dependent and -independent fits are plotted for

0.02 A" wide gy-ranges. . . . . . ...

Scaled residuals R Eq. (7.6) of tilt-independent (left-hand side) and
tilt-dependent (right-hand side) model fits. . . . . . . ... .. .. ..

Tilt-dependent and -independent (ti#f) R distributions for (a) 0.01 <
¢ <0.06 A= and (b) 0.06 < ¢, < 0.18 A~1. The red and blue lines are
Gaussian fits to the distributions, and Table 7.3 summarizes the fitted
parameter values. The distributions have been normalized by the fitted
Gaussian amplitudes. Representative error bars for the tilt-dependent
distribution are the square root of the number of pixels whose R-value
is within a given R-bin of size 0.1. The dashed-dotted gray lines are

guides totheeye. . . . . . . . . . ..

X2 4-values from suppressing .%; (%) and fitting to determine .Z;-values
are plotted for 0.02 A~! wide gy-ranges. . . . . . . . . ... ... ...
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7.9
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7.11

7.12
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7.14

7.15

R distributions corresponding to suppressed (,%;) and fitted .%; for (a)
001 < ¢ <01 A and (b) 0.1 < g, < 0.22 A~'. The lines are
Gaussian fits to the distributions, and Table 7.5 summarizes the fitted
parameter values. The distributions have been normalized by the fitted
Gaussian amplitudes. Representative error bars for fitted ., are the
square root of the number of pixels whose R-value is within a given
R-bin of size 0.1. The dashed-dotted gray lines are guides to the eye. 145

Scaled residuals R of tilt-dependent model fit for ¢,, ¢.-region within
the magenta rectangle in Fig. 7.1. . . . . .. ... ... ... 147

Measured data and tilt-dependent and -independent model fits are
plotted as functions of q,, after averaging 0.41 < ¢. < 0.47 A='. Rep-
resentative error bars indicate 1 standard deviation. Also, the scaled
residuals R for both fits are plotted as functions of ¢,. The dashed-
dotted gray line is a guide to theeye. . . . . . . . . .. .. ... ... 148

<‘FL‘2>, |<FL>|2, and F% are plotted for K, = 2.75 x 1072 J/A?
A, = 2000 A% and D, = 30 A. In the right-hand panel, the vertical
axis is expanded as compared to the left-hand panel to highlight F¥. 154

The determined |F(q.)|* and Fa(q.) are plotted from both the parallel
(top) and series (bottom) fitting methods on the same arbitrary scale.

The dashed-dotted gray lines are guides to the eye. . . . . . . . . .. 156

|F(q.)]* + Fa(q.) is plotted from both the parallel and series fitting

Measured data and the tilt-dependent, parallel, series, and tilt-independent
fits are plotted as functions of ¢,, averaging 0.41 < ¢, < 0.47 AL

~Y

Representative error bars indicate 1 standard deviation. . . . . . . . . 158

The background subtracted intensity from a stack of DOPC bilayers
is shown. Intensity is expressed by a linear grayscale except that red
pixels indicate intensity less than zero and white indicates intensity
greater than 200. ®(q,) is determined using the fitted Sgcn1 parameter
values in Table 7.10 and the data within the yellow rectangle. The

green circles indicate positions of Caillé peaks. . . . . . . . . .. ... 160
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7.16 The determined |F(q.)| Eq. (7.16) are plotted for fitted S&qp, pa-
rameter values listed in Table 7.10. Commonly, a smooth baseline is
subtracted from ®(g,) such that |F(q,)| is zero at apparent minima
(for example ¢, ~ 0.28 A~! and ~ 0.42 A~'). The aforementioned

subtraction was not performed. . . . . ... ... ... ... ... .. 161

7.17 Ax?-values listed in Table 7.11 corresponding to K, are plotted as a
function of the % change in the best tilt-dependent K.-value (8.5 X
1071% ergs). The red dashed line is the best fit of Eq. (7.23). The
right-hand plot emphasizes the small Ax2-range, and the blue dotted-
dashed line shows Ax?=1. . . . . . . ... ... ... .. ...... 164

8.1 The tilt-dependent values of K. and Kjy listed in Table 8.2 are plotted
as a function of year. In 2014, there were two exposures, both with
fitted Kp-value of 8 mN/m. . . . .. .. ... ... 169

8.2 Tilt-dependent values of K. and Ky listed in Table 8.2 are plotted as
functions of D. . . . . . . . 170

8.3 Tilt-dependent and -independent height-height correlation functions
hi(r/&,¢,7) and h;(r/€,0,00), see Eq. (8.7), are plotted as functions

of r using the red parameter values in Table 8.2. . . . . . . . . . . .. 180

8.4 A]?ﬁi*{ and AJy are plotted as functions of D;,. The dashed lines are
exponential fits to the correspondingly colored data. . . . . . . . . .. 183

B.1 Contour plots of Syp (\ /q; + q, 27T/D), left-hand side, and Sy, (¢, ¢y, 27/ D),
right-hand side, are shown. A logarithmic grayscale indicates the value,
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B.2 A subregion of the ¢, g,-region in the right-hand plot of Fig. B.1 is
shown. Note, the ¢,- and g,-axes show different ranges. The yellow
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integration limits, respectively. . . . . . . .. ... 198
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A subregion of the g, g,-region in the right-hand plot of Fig. B.1 is
shown. Note, the ¢,- and g¢,-axes show different ranges. The yellow
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ing Syp in Fig. B.3 is plotted as a function of ¢, for ¢, = 27/D;
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Chapter 1
Introduction

Preliminary Remarks

The current work combines theoretical results and experimental techniques to study
the mechanical moduli and the structure of lipid bilayers. In part, this thesis is mo-
tivated by recently reported inconsistencies between height spectra determined from
molecular dynamics (MD) simulations [1] and the prediction of the Helfrich-Canham
model, see Section 1.1. These recent results instigated a series of theoretical exten-
sions and reformulations of the lipid membrane free energy functional. A new single
membrane free energy model is only one of several necessary elements in the present
work since the studied experimental system is a stack of lipid bilayers. The stacked
bilayers are described by a theory originally from smectic liquid crystal literature, see
Section 1.2. Finally in Section 1.3, the thesis is briefly summarized, and aspects of

particular Chapters are emphasized.

1.1 Fluid Phase Lipid Bilayers

The studied system is a stack of fluid phase lipid bilayers, where fluid describes the
short range fluid-like in-plane correlations of the lipid molecules [2, 3]. A lipid is com-
posed of a hydrophilic headgroup and typically two hydrophobic fatty acid chains. In
water, lipids self-assemble into spatially ordered two- or three-dimensional structures,
depending on the specific lipid molecule, temperature, and concentration [4]. This
thesis is concerned with the class of lipids that spontaneously form bilayers in which

the hydrophilic headgroups shield the hydrophobic acyl tails from the surrounding

1
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water [5].

The fluid phase is often considered the most biologically relevant lipid bilayer
phase since the majority of lipids in plasma and organelle membranes are in a fluid
phase [6]. Single and many-component lipid bilayers are used as model biological
membranes for various structural and chemical assays since they constitute the fun-
damental structure in which other biomolecules reside [7]. However, lipids comprise
only a modest fraction of the molecular composition of typical biological membranes.
The rest of the biological membrane is primarily composed of proteins and carbohy-

drates.

From a purely physical perspective, stacked lipid bilayers are an interesting model
system to investigate various types of correlations. This is the perspective that most
intimately connects with liquid crystal literature, see Section 1.2. The correlations
in stacked bilayers are anisotropic. Perpendicular to the membrane planes, there is
a characteristic repeat spacing, reminiscent of a one-dimensional crystal; however, as
mentioned previously, the in-plane correlations are fluid-like. Additionally, the aspect
ratio of a single membrane is very large; they are typically about 4.5 nm thick and
can be larger than 100s of um in lateral extent. Consequently, a single membrane is

quasi-two-dimensional, having many in a confined volume leads to stacking order.

This thesis primarily focuses on the mechanical properties of lipid bilayers. Many
biological processes involve changes to membrane topography [8, 9]. The energy
required to deform a nominally flat membrane has traditionally been quantified by the
Helfrich-Canham (HC) model [10, 11]. This is a continuum model which essentially
treats the membrane as a deformable plate without internal structure [12]. For a
tensionless, symmetric bilayer with fixed topology and no boundary, the only material
descriptor in the model is the bending modulus K.. Since this level of description
is appropriate for many aspects of biomembrane mechanics [13], quantifying K. has

been the purpose of many experiments [14, 15, 16, 17].

Of lesser importance to the current work, but nonetheless integral, is the structure
of lipid bilayers. The mechanical and structural attributes of the stacked bilayers
are coupled. Therefore, lipid bilayer structure is also discussed, see in particular
Sections 3.2.1 and 7.5.
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1.1.1 Motivation to Extend Helfrich-Canham Model

For length scales shorter than several membrane thicknesses, many simulations [18,
19, 20, 21, 1, 22, 23, 24] have reported significant deviations from the HC model,
most pertinently in the measured height-height fluctuation spectrum. At first, the
differences were attributed to molecular protrusion modes [18, 19, 20]. By considering
a free energy that includes molecular tilt with a corresponding material property,
the tilt modulus Ky, systematic deviations from HC model predictions have been
derived [21, 1, 24], and estimates of Ky have been reported from simulations [21, 22,
1, 23, 25, 24]. Using the so-called “direct Fourier method”, the height spectrum from
an MD simulation was originally reported to be inconsistent with the tilt-dependent
spectrum [26]; however, the direct Fourier method was later shown to be flawed [27].
Additionally, the height spectrum has been derived from recent membrane models
that explicitly include both tilt and protrusion contributions [1]. The derived height
spectrum was compared to the height spectrum determined from MD simulations,

and it was shown that the protrusion contribution is negligible [1]. !

Earlier, molecular tilt was invoked to discuss orientational order in vesicles [28] and
to try to explain the origin of the ripple phase [29]. Additionally, a tilt contribution
to the membrane free energy was investigated as an example of an internal degree of
freedom [10] and later was invoked to explain inverted amphiphilic mesophases [30], as
well as fluid membranes [31]. Interestingly in seminal work [10], Helfrich considered
molecular tilt and an associated energetic penalty for nonzero tilt mediated by a
modulus K. Helfrich predicted that K; ~ K4 [10], and therefore, he argued that “tilt
should be minute and its elastic energy negligible in most practical cases |...], so i[t]
appears pointless to develop a detailed molecular theory.” For typical modern values
of K4~ 2.5x1071° J/nm? and K; = Ky ~ 1x1071° J/nm?, Ky ~ K 4/2.5. Therefore,
the tilt degree of freedom contributes somewhat more to membrane energetics than
Helfrich posited.

The tilt m of a lipid molecule is quantified by the deviation of the director n of

the molecule from the normal N to the monolayer surface,

Interestingly, the reported tilt and protrusion dependent model is still inconsistent with the
height spectrum determined from MD simulations for large wavevectors (short in-plane length
scales) [1].
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Figure 1.1: A cartoon of a lipid is shown with labeled vectors illustrating the definition
of tilt m Eq. (1.1). The blue dashed line indicates the surface dividing the headgroup
from the hydrocarbon tails.

=———N 1.1
m= N, (11)

where n and N are unit vectors [28]. Eq. (1.1) is depicted in Fig. 1.1. By definition
m always points tangent to the local membrane plane (m - N = 0). More recently,
other researchers have considered the ramifications of tilt on the spectra of simulated
fluid lipid membranes [21, 22, 1, 24].

The inclusion of tilt-dependent terms in the single membrane free energy model is
a fundamental modification to the HC model. As tilt is defined for each molecule, this
modification asserts the importance of internal degrees of freedom on membrane me-
chanics. A tilt degree of freedom has previously been claimed to significantly influence
inter-lipid, intermembrane, and membrane-protein interactions (see the introduction
of [1] for a succinct review). For many decades, the HC model has been the touchstone
for both theoretical and experimental membrane related research. Consequently, the
relatively recent tilt-dependent models should motivate new and exciting future work.
This thesis is one such tilt-dependent development. The first experimental support for
the addition of tilt to the HC model to describe the fluid lamellar phase was recently
reported [32]. This thesis is a further refinement of the previously published Letter

and discusses many details regarding both the experimental procedure and analysis.



Chapter 1. Introduction 5

1.2 X-ray Scattering Methodologies and Analyses

The current X-ray scattering experimental methodology is an extension of a procedure
designed to study smectic liquid crystals (LC). A smectic LC is a layered structure
which is characterized by positional order perpendicular to the layer planes and fluid-
like order within the planes. Structural studies of stacked lipid bilayers significantly
predate the establishment of stacked bilayers as smectic LCs. Therefore, not un-
til more recently (late 1980s) were smectic theoretical and experimental techniques

leveraged in stacked bilayer studies to significant effect.

To study the structure of lipid bilayers, many researchers have used X-ray exper-
imental procedures and associated analyses inspired by crystallographic techniques
(at first not LC influenced) [33, 3]. In order to observe out-of-plane peaks, scattering
from stacks of lipid bilayers is measured. Commonly, multilamellar vesicles are stud-
ied; less often, oriented bilayer stacks. The out-of-plane peak position and intensity
are analyzed to determine out-of-plane membrane structure [34, 35]. Using the afore-
mentioned experimental procedure, the structural characterization of bilayers in the
most biologically relevant fluid phase is low resolution because very few out-of-plane
peaks are observed; the peak intensity decreases rapidly as a function of increasing
out-of-plane peak order. Eventually, it was appreciated that both short length scale
intermembrane fluctuations [35] and longer length scale height fluctuations [36, 37, 38|

reduce the number of observable scattering peaks [39].

In 1988-1989, stacked lipid bilayers were shown to be smectic LCs by measuring
the power-law tails from their X-ray scattering peaks [36, 37]. Specifically, stacks of
bilayers are classified as lyotropic smectic A (Sa) LCs. “Lyotropic” indicates that the
bilayers form a LC only in a solvent (water). “A” indicates that the average molecular
director n is parallel to the average normal to membrane plane N. Since the lipids
are chiral, the stacked bilayers may be further categorized as (S}) [40]. The typical
smectic free energy includes two terms. One term describes interlayer interactions,
and the second term quantifies the energy required to bend a layer [40]. This second
term is equivalent to the HC model for a tensionless, symmetric single lipid bilayer
with fixed topology.

In previous foundational theoretical work [41], Caillé showed that the out-of-plane
X-ray scattering peaks from smectic LCs have long power-law tails because of the

quasi-long range order (QLRO) of the layers along the stacking direction [40]. Caillé’s
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prediction was experimentally supported in 1980 by measurements of the aforemen-
tioned power-law scattering peak tails [42]. Unlike classic crystallographic analyses
in which the positions and intensities of the Bragg peaks are the primary measured
quantities, the smectic LC analysis is concerned with the shape of the scattering
peaks. Importantly, the analysis of the power-law tails yields information regard-
ing the mechanical moduli of the studied smectic LC. ? In the mid-1990s, a detailed
theory for the peak shapes of X-ray scattering from multilamellar lipid vesicles was
developed [38], following smectic LC theory [40], and utilized to show that correla-
tions within multilamellar lipid vesicles (MLVs) are better described by the smectic
LC theory than a paracrystalline theory [43].

With the advent of area detectors on X-ray scattering beamlines in the early 2000s,
the experimental emphasis on peak shape began to diminish. Using an area detector,
both the peak shape and surrounding diffuse scattering from stacked lipid bilayers are
measured concurrently, and it was observed that the diffuse scattering covers much
more of the area detector than the peak [44]. Several research groups took advantage
of area detectors and applied smectic LC theory to analyze diffuse X-ray scattering
from oriented stacked bilayers [44, 45, 46, 47]. The current experimental and analysis

methodology closely follows Liu and Nagle [46].

1.3 Brief Summary of Thesis Content

The current work is a detailed analysis of the X-ray scattering from oriented stacks of
lipid bilayers. In Chapter 2, the sample preparation and X-ray scattering methodology
are described. For the most part, experimental methods follow previous work [48];
however, significant improvements have been made with regard to subtraction of
background X-ray scattering, see Section 2.5. In Chapters 3 through 6, the detailed
analysis of the measured X-ray scattering from stacked lipid bilayers is developed.
While much of this parallels [44, 48], there are detailed differences in addition to the
inclusion of tilt. In Chapter 7, a single X-ray scattering exposure is analyzed using
several different fitting procedures. Finally in Chapter 8, many exposures from several
different stacked lipid bilayer samples are analyzed to determine final mechanical

moduli values and associated uncertainties.

2The value of the so-called Caillé  parameter is determined, where 7 is propotional to (K.B )_1/ 2,

see Section 3.3.3.
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Compared to Chapters 2, 7, and 8, Chapters 3 through 6 are more theoreti-
cally inclined. To appreciate the analysis of measured X-ray scattering described in
Chapters 7 and 8, only the details discussed in Chapter 3 are absolutely necessary,
specifically Sections 3.1 and 3.2. In Chapter 4, an analytic approximation to the
height-height correlation function is derived, and several related topics are discussed.
The theoretical scattering intensity derived in Section 3.2 is further developed in
Chapter 5, where several sample and experimental issues are considered. The ma-
jor result of Chapter 5 is a prediction for the measured X-ray scattering intensity
from stacked lipid bilayers for the particular experimental methodology detailed in
Section 2.4. Since the X-ray scattering prediction is quite complicated, several illu-
minating examples are given in Chapter 6, and it is established that the values of the
unknown model parameters (mostly mechanical moduli) can be plausibly determined
by fitting the measured X-ray scattering.

This thesis includes several Appendices. Appendix A provides details regarding
derivations in Chapter 3. In Appendix B, so-called Cartesian and cylindrical structure
factors, see Section 5.1, are compared, an important theoretical issue but not abso-
lutely necessary to understand the rest of the thesis. Since out-of-plane membrane
structure in this thesis is of secondary importance compared to membrane mechan-
ics, Appendix C provides details regarding the form factor, see Sections 3.2.2 and 7.5.
The effects of peristaltic modes on out-of-plane bilayer electron density are modeled,
see Section C.1, and the so-called undulation correction is defined and discussed, see
Section C.2. In Appendix D, several miscellaneous issues are discussed. Importantly,
an approximate analytic relation for the effect of the long wavevector cutoff on the
predicted scattering intensity, see Section D.1, and the fluctuation free energy per
unit area of a single bilayer, see Section D.4, are derived.

Appendices E and F discuss issues tangentially related to the primary focus of this
thesis. In Appendix E, an undulation correction is derived for the scattering from
unilamellar vesicles, a necessary result to quantitatively compare the determined vesi-
cle form factor and form factors measured by using other samples or techniques (for
example form factors from multilamellar samples or determined from molecular dy-
namics simulations). In Appendix F, several results are derived using a tilt-dependent
free energy in order to relate the tilt modulus to the order parameter describing lipid

acyl tail-tail correlations that is obtained by other techniques.



Chapter 2
Experimental Methods

The experimental methodology used in the present work mostly follows previously
described procedures [48, 49, 50]. Below, only the most significant aspects of the
X-ray scattering experiment and sample preparation are reviewed as well as recent
amendments and improvements. Most notably, a new background subtraction pro-
cess is discussed in Section 2.5. This is important for extracting the relatively weak
scattering intensity associated with the new tilt-dependent model that is the focus of
this thesis.

2.1 Oriented Samples

Oriented stacks of lipid bilayers were deposited using previously described tech-
niques [51]. Briefly, the lipids of interest were dissolved in a mixture of two organic
solvents and plated onto clean Silicon wafers. Importantly, the substrate was manu-
ally moved to coax the lipid solution to evenly coat the entire wafer during primary
evaporation of the solvent. Deposited samples were left in a fume hood for about 1
day and then in a vacuum oven for several hours to complete solvent evaporation.
For DOPC 2, 4 mg of lyophilized lipid is adequate to deposit about 2000 bilayers,
about 10 pum thick, given the 1.5 x 3 cm Si substrate surface. Finally, stacked bilayer

samples were trimmed to final dimensions 0.5 x 3 cm.

31,2-dioleoyl- sn-glycero-3-phosphatidylcholine
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2.2 Flightpath Components

2.2.1 X-ray optics

The synchrotron X-ray experiments were performed at the G1 station at the Cornell
High Energy Synchrotron Source (CHESS). A simplified schematic of the flightpath
setup is shown in Fig. 2.1. The G1 station is equipped with a W/B4C multilayer
monochromator producing a beam with an energy dispersion of about 1%. Before
2015, the multilayers were adjusted to reflect a beam with a mean energy of ~10.5 keV
(1.18 A). At the end of 2014, the wiggler feeding the G-line was replaced by a compact
undulator, and as a result a ~11.2 keV (1.108 A) beam was used in 2015, motivated
by the change in the white beam’s spectrum. Pairs of vertical and horizontal slits
were used to define an incident X-ray beam about 0.2 mm wide and 1 mm tall. # The
size of the beam was measured at several distances downstream of the final pair of
slits using an area detector and an attenuated beam. Typical divergence values were

0.5 x 10~* rad in the z-direction and 1 x 10~ rad in the z-direction.

detector

chamber

Figure 2.1: A simplified schematic of the flightpath is shown. Two pairs of horizon-
tal and vertical slits define the beam’s cross section. The Molybdenum beam stop
attenuates the direct beam and is placed close to the sample chamber (about 1 mm)
to block the detector from background scattering. The sizes and distances between
flightpath elements are not to scale.

4The tall beam ensures that the entire sample is always within the beam’s footprint for any angle
of incidence w used.



Chapter 2. Experimental Methods 10

2.2.2 Beam Stop

The X-ray scattering of interest spans many orders of magnitude in intensity, but
the dynamic range of the detector is only from 1 to 65436. A Molybdenum semi-
transparent beam stop attenuates the scattering that would otherwise saturate the
detector. In particular, the beam stop is often positioned to attenuate both the direct
beam and intense low order out-of-plane peaks from a stacked bilayer sample, see the
left-hand side of Fig. 2.2 for a typical sample exposure. The semi-transparent beam
stop allows simultaneous assessment of sample scattering and the direct beam. The
measured intensities and nominal unattenuated intensities are summarized for several
common scattering features in Table 2.1. h is a whole number which indexes the out-
of-plane lamellar repeat peaks. Fig. 2.2 shows a view of the beam through the beam

stop, and typical beam profiles in the p,- and p.-directions are plotted in Fig 2.3.

(b)

800
600
400

200

400 600 800 1000 200 400 600 800 1000
ps [pixels] p. [pixels]

Figure 2.2: DOPC sample and direct beam exposures are shown in (a) and (b),
respectively. The attenuated direct beam is visible through the beam stop centered at
about (490, 75). Intensity is indicated by the linear grayscale where white corresponds
to most intense. The dark rectangular feature in the lower left corner is the shadow
of the beam stop. The bright feature to the right of the beam stop shadow is the
beam’s splash. The beam and several out-of-plane orders are identified by the cyan
text.

2.2.3 CCD Detector

A charged-coupled device (CCD) detector “Flicam” (Finger Lakes Instrumentation,
Lima, NY) with 1024 x 1024 pixels and 0.07113 mm/pixel size was used at the G1-
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Table 2.1: Intensity of several common scattering features in panel (a) of Fig. 2.2

Measured Intensity  Attenuation

Feature Nominal Intensity
[x10°] Factor
beam 11 6 ~ 107 1 x 10
h=1 17 6* ~ 1.3 x 10° 2 x 107
h=2 4 1.3 x 103 5 x 108
between h = 3 5 ] 5 5 10°
and h =4
| | C™ | | { 20000F | | e | .
= n l.-
= | - [
gt " ] - 15000} -
o " [
— L ]
NI 4 10000} -
ﬂ;} n - : . 4
n | L - ]
g " 75000 ]
r—tq " - r ] L]
mrersrsrar e AN rierirsrts LI ik it ik
50 60 70 80 90 100 480 485 4% 495 500 505
p. [pixels] Da [pixels]

Figure 2.3: The intensity of the beam through the beam stop, see panel (b) in Fig. 2.2,
is plotted as a function of p, (left-hand side) and p, (right-hand side). Ideal beam
profiles are a boxcar and a Gaussian in the p.- and p,-directions, respectively.

station. Typically, the detector was located such that the direct beam was incident
in the middle of the detector horizontally and about 100 pixels from the bottom,
see panel (b) in Fig. 2.2. Before analyzing the measured X-ray scattering, the CCD
exposure must be corrected for several known effects; zingers, CCD dark background,
and distortion and intensity corrections [52]. The aforementioned corrections were
performed by CHESS software at the G1-station.

2.3 Sample Chamber

During an X-ray scattering experiment, a stacked bilayer sample is housed within a

temperature controlled chamber [48], see Fig. 2.4. To moderate the sample temper-
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ature, a thermostatted bath circulates water through channels in the one inch thick
aluminum chamber walls. The chamber contains a reservoir of water, and typical
relative humidity after closing the chamber reaches 99.9%. Even so, 100% relative
humidity is often desirable to attain maximum repeat-spacing, and therefore, the sam-
ple is placed on top of a Peltier element which is fixed to a sample holder. Commonly,
the Peltier cools the sample relative to the water reservoir to increase the relative hu-
midity at the sample. The sample holder is mounted on the shaft of a rotation motor
which allows continuous rotation of the sample during typical data collection. The
incident and scattered X-rays enter and exit the sample chamber through pairs of my-
lar windows. Typically, air in the hydration chamber and entrance and exit windows

is replaced with Helium to reduce X-ray scattering from gas.

~—92.5/—>|«~— 25—

! ' il
Al 1f/16”

motor
He | shaft
! x R
g T He T
- i L 30mm
exit : NS 13/// entrance
window Y 28 ¢ R= 8 window
: — >
15 mm g ¢
o 1
\68.5 He 4_1 >

1
AN N TG
Y v

Figure 2.4: A top view of the sample chamber is shown. Substrate and chamber
dimensions are drawn to scale. The dash-dot lines are the 1.5-6 pm thick mylar
windows. The blue arrows indicate entrance and exit holes for He. The X-rays
propagate from right to left.
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2.4 Low Angle X-ray Scattering

The current procedure for Low Angle X-ray Scattering (LAXS) experiments closely
follows the original methodology [48]. During a LAXS exposure, the angle be-
tween the sample and direct beam w, is continuously varied by rotating the sample,
—Wmin < w < Wmax- When rotating, the magnitude of the sample’s angular velocity
|| is assumed to be constant, and Fig. 2.5 shows a simplified w as a function of the
oscillation period w(t). wmin and wpax are chosen to ensure that the sample is moving
at a constant angular speed while the sample scattering intensity incident on the de-
tector is nonzero. Typical values are wy,;, = 1.6° and wy., = 7° or 11°. The sample
is rotated to a negative angle to block the beam from the sample while it accelerates.
The sample rotation speed and exposure time are chosen such that a large whole
number of oscillations are completed during a tens of seconds exposure. The sample
to detector distance is determined by the scattering of interest. For common lipids
and 10.5—11.2 keV X-rays, the detector is positioned about 370 mm from the sample
position, allowing an out-of-plane momentum transfer range of 0 < ¢, <1 A~! to be
probed. Typical first order lamellar repeat scattering is centered at ¢, ~ 0.1 A=, so

as many as 10 orders could be detected.

wmax

10

0.00 0.25 0.50 - 0.75 1.00

Figure 2.5: The simplified sample rotation as a function of time is plotted, where 7 is
the cycle period. The acceleration before and after the angular velocity changes sign
have been neglected. Therefore, the cycle period is longer than the angular range
divided by the nominal angular speed (about 18.6°/s).
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2.5 Background Subtraction

The intensity I, measured by the detector includes contributions from several sources
including the bilayers I, various vapors I,, (helium, water, and air), the sample

chamber windows I;,, and water between the bilayers Iy, 0,

Im(p:vapz) = Ib(pxapz> + ]vap(p:capz) + Iwin(pampz) + IHQO(p337pZ)' (21)

Background scattering refers to the intensity from all sources besides the bilayers, and
only scattering from the direct beam will be quantitatively modeled. In Section 2.5.1,
a methodology for assessing and removing Iy, and Iy, is discussed. Section 2.5.2

describes the Iy,o subtraction procedure.

2.5.1 Light Background

The combination of the scattering from vapor within the sample chamber /., and the
scattering from the sample chamber windows I, is referred to as the Light Back-
ground (LB). The LB measurement procedure is described for two types of X-ray
scattering experiments. During an exposure, the sample’s orientation with respect
to the beam is either fixed, a so-called fixed angle exposure, or more often contin-
uously rotated. First, the LB measurement procedure is described for a fixed angle
experiment. Since a continuously rotated sample experiment can be viewed as a se-
ries of fixed angle experiments, the rotated angle LB measurement procedure follows
conceptually from its fixed angle analog.

The beam-substrate geometry for a fixed angle exposure is shown in Fig. 2.6, where
w is the angle between the substrate and the incident beam. I,,, and Iy, are each the
sum of scattering sources upstream and downstream of the sample. To approximately
measure Iy, + Iwin of a fixed angle exposure, an exposure in which w is set to —w
is recorded [53]. Importantly, the substrate is sufficiently thick such that for the —w
condition no X-rays penetrate the substrate to scatter from the sample. Comparing
the w and —w setups, see Fig. 2.6, the amount of vapor along the beam path is nearly
the same except for the small volume above the sample, and the fraction of beam
passing through the sample chamber exit windows only depends on |w|. Since the

beam path above the sample is small (~ 15 mm) compared to the total beam path
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inside the sample chamber (128 mm), the —w setup adequately approximates the LB
of an w exposure. The volume of beam above the sample is always less than 12% of
the total beam volume in the sample chamber. The difference of w and —w exposures

is approximately Iy, + Iy,0.

—/Zl
downstream Yy T upstream

_______________________________________________

-

Figure 2.6: The beam-substrate geometry is shown for positive (left-hand side) and
negative (right-hand side) fixed incident angles w. The red regions are the direct beam
which propagates from right to left. The sample, supporting substrate, and sample
holder are the green, dark gray, and light gray rectangles (not to scale), respectively.
The w shown is much larger than wyyay.

During most LAXS exposures, the sample is rotated between fixed positive and
negative angles, —wnin < W < wWnax. In analogy to the fixed angle LB measurement
procedure, one might consider the rotation scheme, wyim < w < —wpax, but then
for w > 0, X-rays scatter from the sample. Therefore, the aforementioned scheme
does not isolate Iyap + Iyin. Instead, the LAXS LB is approximated by a fixed angle
LB where the fixed angle was chosen to mimic the LB originating downstream of
the sample. A fixed angle LB measurement intended to approximate the LAXS LB
will be referred to as a kludged Light Background (kLB). ® Since the typical beam is
about 1 mm tall, the substrate will completely block the direct beam for an incident

angle w*, see the right-hand side of Fig. 2.6,

b
f=sin! | = 2.2
w* = sin (Ls)’ (2.2)

where b, is the height of the beam and Lg is the width of the substrate. For w > w*,

there will be no downstream direct beam to yield additional background scattering.

5Professor Nagle conceived the idea of a kLB.
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Considering the LB from scattering downstream (ds) of the sample, the average of

the incident angle Wy is calculated with the condition that w > w* are equivalent to

*

)

2 t T/2
Was = — / dt |w(t)| +/ dt w* (2.3)
7— 0 t/
2 [wi, — at? , T,
e et N LA (I _ 2.4
T{a + 5 — it + " (5 t)} (2.4)

where t' = (Wpin + w*) /a and 7 is the time of one complete cycle, see Fig. 2.5. For
typical values of wyi, = 1.6°, w* = 3.8°, a = 18.6°/sec, and 7 = 1.5 sec, wys =~ 2.9°.
Experiments suggest that the kLB is not strongly dependent on the fixed angle chosen,
but it is dependent on the position of the sample chamber. A kLB is often measured
soon before or after its corresponding LAXS exposure because the LB is known to be
a function of many time dependent experimental conditions (beam intensity, vapors
in the sample chamber, motor positions, etc.)

Fig. 2.7 shows a typical 2015 sample exposure and the corresponding kLLB with
w = 2.8°.5 In Fig. 2.7a part of the direct beam passes over the substrate, is attenuated
by the Mo beam stop, and is incident on the detector at approximately (490, 75).
Directly above the beam in Fig. 2.7a are the Mo attenuated (by 1300) first two out-
of-plane peaks, indicating a repeat distance of 63.8 A. The beam stop shadow ends
at p. ~ 300. In principal, the sample scattering should be left-right symmetric with
respect to the meridian at p, ~ 490. Fig. 2.7 emphasizes that much of the left-right
asymmetry of the sample exposure is due to LB scattering. The kLLB subtracted
sample exposure is shown in Fig. 2.8 and is much more symmetric with respect to
P A 490.

In the next section, the intensity visible in the upper corners of the detector in
Fig. 2.8 will be shown to be water scattering Iy,0. Two methods to approximate
I11,0 are summarized. First in Subsection 2.5.2, scattering from a water film on a Si
substrate is measured and compared to the residual scattering after kLB subtraction
shown in Fig. 2.8. The water film scattering and the residual intensity are shown

to differ systematically, see Fig. 2.11, and therefore in Subsection 2.5.2, the so-called

6The LB in 2015 was particularly strong because of gas scattering from the G1 flightpath (up-
stream of the sample). During experiments prior to 2015, great care was taken to minimize gas
scattering in the G1 flightpath. The kLB makes such efforts less necessary.
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Figure 2.7: DOPC sample exposure at 30 °C using Fig. 2.5 protocol (left-hand side)
and corresponding kLB (w = 2.8°; right-hand side) are shown, using the same linear
grayscale. Both the DOPC exposure and the kLB were rotated to align the substrate
normal and the p.-axis.

1000

800

200

200 400 600 800 1000
p. [pixels]

Figure 2.8: The difference of the sample exposure and the kLB is depicted. Red
indicates negative values.

two box method is used to approximate Iy,o. Finally, the background subtracted



Chapter 2. Experimental Methods

exposure using the two box method is shown in Fig. 2.13.

18
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2.5.2 Water Background

Scattering from Water Film

The scattering from the water between the bilayers Iy,o can be approximated by a
water film on a Si wafer. 7 A clean Si wafer is placed on the sample holder. Then,
the sample chamber is closed and filled with He. Next, the target temperature of
the thermostatted water circulator is increased, commonly from 30 °C to 37 °C. A
heating element in the water circulator rapidly raises the temperature of the circu-
lating water and via conduction the water reservoir in the chamber. The substrate
temperature also increases but lags behind the temperature of the chamber water
reservoir. Within about 20 min, the substrate and water reservoir re-equilibrate to
the same temperature. In the meantime, the substrate is colder than the water vapor
so water condenses on the substrate. Fig. 2.9 shows typical detector exposures with-
out and with water, after subtracting a kLLB. The sample was rotated continuously
between -1.6° and 11° during the exposures. Fig. 2.10 shows the kLB subtracted
water scattering as a function of time. The water scattering increases as the water
film thickness increases.

The water scattering visible in the right-hand side of Fig. 2.9 is qualitatively similar
to the residual scattering in the kLB subtracted DOPC exposure, see Fig. 2.8. The
amount of water between the bilayers and in the bulk water film are unlikely to be the
same. Therefore, the water scattering intensity is scaled by a multiplicative factor to
best mimic the residual scattering in a kLB subtracted bilayer stack exposure. The
difference of the scaled water scattering and a kLB subtracted DOPC exposure is
shown in Fig. 2.11. Even after the subtraction, there remains p.-dependent scattering
in regions of the detector where the intensity is expected to be distributed about 0.

Absorption of the scattered X-rays by the sample could yield a p.-dependent dif-
ference between the measured water scattering and the scattering from water between
the bilayers. The scattering at smaller p, are more strongly attenuated by the sample
as compared to scattering at higher p.. The aforementioned effect can be quantita-
tively determined if the thickness of the water sample is known, see Section 5.3.4.
Since the water film thickness is unknown, a different methodology is used to approx-

imate Iy1,0.

"Dr. Tristram-Nagle first suggested that Iy,o be subtracted from LAXS expsoures after a kLB
subtraction.
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Figure 2.9: Exposures without (left-hand side) and with (right-hand side) a water
film on the Si substrate are shown using the same grayscale. Red indicates negative
values. The exposures were kLB subtracted and rotated such that the substrate
normal and the p,-axis are parallel. The vertical streak of intensity along p, = 490 is
the specular scattering from the Si wafer.

Two Box Method

The scattering from the water between the bilayers and any other residual scattering

is assumed to be of the form

I,'IQO(px7pZ> = A(pz> + B<pz)px + C(pz)pi (25)

A(p.), B(p.), and C(p,) are determined by a linear least squares fit using data sym-
metrically chosen with respect to the p, beam center, see the green and blue boxes in
the left-hand side of Fig. 2.12. % The resulting I{;, o (ps, p-) is plotted on the right-hand
side of Fig. 2.12. The difference of I, (ps, p-) and the kLB subtracted DOPC expo-
sure is shown in Fig. 2.13. Fig. 2.14 compares the two discussed water background
subtraction procedures; the remaining intensity after water background subtraction
is plotted as functions of p,, averaging over 710 < p, < 730. Far from the bilayer
scattering, the intensity after Ij, o subtraction is distributed about 0.

The background subtraction results are summarized in Fig. 2.15. Intensity as a

8The so-called two box method was implemented by Dr. Yufeng Liu as part of his graduate work
in the Nagle lab [48].
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Figure 2.10: The water scattering intensity is plotted as a function of p,, averaging
over 200 pixels in p, centered at p, = 850. At is the approximate time after increasing
the target temperature of the water circulator. The black line shows the intensity of
the kLB subtracted DOPC exposure shown in Fig. 2.8 scaled to match the red line
at p, = 800.

function of p, and p, highlight the effects of the kLB and I ¢ subtractions. Before
background subtraction I, is asymmetric with respect to the meridian, p, ~ 490,
see panel (b) Fig. 2.15. I, — Iyp is considerably more symmetric, but far from
the meridian in the p,-direction, the remaining intensity is nonzero. Additionally,
I, — I increases as a function of p, due to Iy,o, see panel (a) Fig. 2.15. Using the
two box method, Ij; ¢ is determined, and far from bilayer scattering, I, — Ik — Ijy,0
is distributed about 0.
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Figure 2.11: The difference of the kLB subtracted DOPC exposure and kLB sub-
tracted water exposure is shown. Red indicates negative values.
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Figure 2.12: The intensity between the blue and green rectangles in (a) is used to

determine A(p.), B(p.), and C(p.), see I, Eq. (2.5). The resulting Ijy o (pz, p-) is
shown in (b).
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Figure 2.13: The difference of the kLB subtracted DOPC exposure and Ijy, ¢ is shown.
Red indicates negative values.
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Figure 2.14: Comparing two different water background subtraction procedures, the
remaining intensity is plotted as function of p,, averaging over 710 < p, < 730 in
Fig. 2.11 (blue squares) and in Fig. 2.13 (red circles). I, and I p are the total
measured and kLB intensities, respectively. The intensity after subtracting Iy o is
more symmetrically distributed about 0. The black dashed line is a guide to the eye.
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Figure 2.15: Intensity as a function of p, (700 < p, < 740), panel (a), and p, (395 <
p. < 435), panel (b), are plotted at various stages in the background subtraction
procedure. Note, the measured intensity I, has been shifted down by 415 to facilitate
visual comparison with the background subtracted curves.
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Tilt-Dependent Membrane Model

Several researchers have postulated tilt-dependent membrane free energy function-
als [31, 1, 22, 28, 54]. The current work follows the model hypothesized by Watson
et al. [1]. Since the most significant thrust of the presented work is to appreciate
the effects of a tilt-dependent model on a previously established X-ray scattering
experimental methodology [44, 46], Section 3.1 presents the simplest tilt-dependent
membrane model which can be supported experimentally. For various other secondary
theoretical and experimental issues, the complete Watson et al. model [1] is invoked.

Using the tilt-dependent model forwarded in Section 3.1, we begin to derive the
theoretical X-ray scattering intensity from a bilayer stack. First in Section 3.2.1,
a tilt-dependent electron density profile is posited. Then, the theoretical scattering
intensity is decomposed into the sum of two terms in Section 3.2.2. Importantly, the
height-height correlation function is shown to be the most significant statistical quan-
tity in describing the predicted scattering. Finally, the height fluctuation spectrum
is determined and then used to evaluate the height-height correlation function, see

Sections 3.3.2 and 3.3.3, respectively.

3.1 Membrane Model Relevant to X-ray Scatter-
ing

Previously, measured low angle X-ray scattering (LAXS) from lipid bilayers [44, 46]
was compared to predictions derived using the discrete Smectic A model [55, 56,

57]. Neglecting the interlayer interaction term, the Smectic A model is equivalent to

25
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the Helfrich-Canham model [10, 11] for a tensionless, symmetric bilayer with fixed
topology. In the HC model, membrane shape is a function of only the height field.
The current work follows the model hypothesized by Watson et al. [1] in which the
bilayer free energy is a sum of so-called undulation modes (4 fields; 1 of which is
the height field) and peristaltic modes (3 fields). The undulation modes describe the
overall membrane shape, and the peristaltic modes characterize fluctuations in bilayer
thickness. Theoretically, fluctuations of all seven fields influence the LAXS from lipid
bilayers, yet prior analyses based on the HC model compared favorably with X-ray
measurements [44, 46], suggesting that there exists a hierarchy of the seven fields with
regard to their influence on scattering from bilayers. Therefore, instead of extending
the single field (HC) model to include all six new fields, the present work seeks to
establish the next most important field (after the height field) for the analysis of
LAXS from membranes.

In the Watson model [1], the height field is only coupled to other fields in the
description of the undulation modes. Therefore, the undulation modes are inferred to
be more significant for the analysis of membrane scattering than the peristaltic modes.
Still, the peristaltic modes are not entirely neglected; en masse, their influence on the
bilayer electron density is semi-quantitatively considered, see Sections 3.2.1 and 3.2.2.°
Further, the protrusion-dependent fields are neglected since they have been shown to
be unnecessary to explain simulation data [1]. Retaining only the undulation free
energy terms reduces the complete Watson model to the free energy functional Fyw
presented by Watson et al. in [22]. Fyw could be extended to describe a bilayer stack

W but anticipating later results, Fy is first even further simplified.

Fiy is a complicated model which is limitedly probed by LAXS experiments. Im-
portantly, the predicted X-ray scattering from stacked lipid bilayers primarily depends
on the height spectrum, see Section 3.3.2. Therefore, F3y is simplified to the minimal
model F, that predicts an equivalent height spectrum. Besides reducing mathemati-
cal overhead, F, makes clear the extent to which the presented experimental results
support a tilt-dependent theory. Additionally, the simplification eases comparison
with prior experimental work [44, 46, 55, 45].

For much of the current work, membrane fluctuations are described by only two

fields z*(r) and m(r) following the notation in [1], where r = (x,y) is the indepedent

9Specifically, the consideration of peristaltic fluctuations yields the second term ([¢) in the
intensity decomposition I(q) = I.(q) + Int(q), see Eq. (3.32).
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in-plane variable. Fig. 3.1 shows a diagram of these fields. z* is the average of
the surfaces 2(® dividing the headgroups and hydrocarbon tails of each monolayer,
2t (r) = % [z(l) + 2(2)], where the superscripts in parentheses indicate the upper (1)
or lower (2) leaflet, respectively. 2z is analogous to the mid-plane height field used

by Helfrich and Canham [10, 11] to describe membrane shape.

Figure 3.1: A diagram of the bilayer stack is labeled to illustrate various fluctuation
fields and definitions given in the text. The lighter colored region in the jth bilayer
is shown expanded in the figure’s right-hand side. D is the repeat distance in the
z-direction.

The second field m describes the tilt of the membrane. Tilt is defined by

n@
n@ . N@

where n(® is the unit vector pointing from the headgroups towards the hydrocarbon

@)

m N@, (3.1)

tails and N is the unit vector normal to the headgroup/hydrocarbon interface,
pointing towards the interior of the membrane. Assuming that the angle between

n(® and N is sufficiently small, the zy-components of m is approximated as

m@ — @ _ N©@

Ty zy — Cwy

(3.2)

Finally, a membrane tilt field is expressed in terms of the individual leaflet tilt fields,

m(r) =1 [m&} — m;(fy)}

The simplified single membrane free energy functional is

F, = %/ d2r [KC (V2" + V) + Keymﬂ , (3.3)
Ap

where A, is the area of the membrane projected onto the xy-plane. Fy Eq. (3.3)
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is a function of two membrane moduli; bending modulus K. and tilt modulus Ky,
and two fluctuation fields; 2" (r) and m(r). The first and second terms account for
the bending and tilt energy of the membrane, respectively. To describe a membrane
stack, the fluctuation fields are written as functions of the stacked bilayer index j.
2 (r) describes the height fluctuations of the jth bilayer about z = jD, see Fig. 3.1.
Additionally, a term to describe interactions between adjacent membranes must be

included,

1 N 2 A
o+ i

+ B (2], — Z]+)2i| : (3.4)
where B is the bulk modulus. The intermembrane interaction term is expressed in
a discrete fashion to respect that the system is composed of well separated distinct
layers [56, 55, 57]. F, Eq. (3.4) can be viewed as a tilt-dependent extension of a
discrete free energy functional previously utilized to describe X-ray scattering from
membrane stacks [58, 55, 57, 44, 46, 59, 60, 47|, originally from liquid crystal lit-
erature [40]. The intermembrane interaction term in F, Eq. (3.4) is conceptually

equivalent to the analogous term in the tilt-independent model.

3.2 Theoretical Scattering Intensity

The theoretical X-ray scattering intensity for a bilayer stack is derived. First, a
tilt-dependent electron density is posited, see p;(r,z) Eq. (3.7). Using p;(r, z) the
theoretical scattering intensity is decomposed into the sum of two terms, see Eq. (3.28)

for the final result.

3.2.1 Membrane Electron Density

In general, the X-ray scattering intensity from a sample is related to the sample’s
electron density p(R), where R = (x,y,z). Fig. 3.2 shows a tilt-independent rep-
resentation of a single bilayer. Previous work quantitatively considered membrane

electron density as a function of the bilayer midplane field z;’ 44, 46],
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Figure 3.2: A diagram of a single bilayer is labeled to describe the parameters in the
tilt-independent electron density, Eq. (3.5). As a4, increases the membrane thickness
T projected on the z-axis increases.

o, 2) = py ([ — 3D — ()] (-N - 2)) + pul(R) (35)
= ps ([z = jD — 2] (r)] cos ap) + pw(R), (3.6)

where ps(r, 2) is the electron density profile of a single bilayer centered at z = 0 with
normal in the z-direction and py(R) is the electron density of the water between
the bilayers. D is the bilayer stack repeat distance in the z-direction. Assuming
that py(R) is approximately a constant, it is neglected in later equations since it
only contributes to scattering at q = 0; this is known as the “minus fluid” conven-
tion [61]. —N -2z = cosay, is a geometric factor that accounts for deviations of the
local membrane normal N from the z-axis. For increasing oy, the projection of the
membrane thickness along the z-axis increases [39, 48]. It was recognized that other
membrane fluctuations, such as thickness fluctuations, also influence p?%(r,z) [38]
(see Appendix). It has been argued that so-called local fluctuations in lipid molecules
are included on average in p?)ff (r,z), assuming that these local fluctuations are un-

correlated with 2 [48].

Given the tilt-dependent free energy functional F, Eq. (3.4), a tilt-dependent elec-
tron density is considered. Based on both the complete Watson et al. model [1] and

molecular dynamics simulations, Kopelevich and Nagle have shown that the length of
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Figure 3.3: A diagram of a single bilayer is labeled to describe the additional param-
eters in the tilt-dependent electron density, Eq. (3.7). As the angle between n(® and
N increases, the leaflet thickness 7(® projected on the z-axis decreases. Here N(®)
and 2z are parallel for convenience, but generally, N(*

) and z are not parallel.

lipid chains are nearly uncorrelated with tilt which implies that the membrane thick-
ness along z diminishes when n(® and N® are not parallel [submit@manuscript].
The effect of tilt fluctuations on apparent membrane thickness is opposite to the ef-
fect of fluctuations in the local membrane normal. Fig. 3.3 depicts the tilt-dependent

characterization of a single bilayer which is quantified by

_NWD L O N® L
pi(r,2) = ps ([z —jD — z]*(r)] ey .jn(,l) , N(?j) - ngjjj(r)> (3.7)
=p( [z =iD - 5 @] 4,0, K1), (3.8)

where N§a) and nga) are the local leaflet normal and director, respectively. pg is ex-
plicitly written as a function of a single effective peristaltic mode P;(r); P; does not
include protrusions. In [1], it is shown that protrusion modes have no spatial correla-
tions, and additionally, they are uncorrelated with undulation modes and peristaltic
modes. Therefore, ps is interpreted to be inherently broadened in the z-direction by
protrusions modes. The so-defined U, (r) is a geometric factor due to fluctuations that
quantifies systematic deviations of the bilayer electron density along z from p(r, 2).
The numerator of ¥; is the extension of the single bilayer geometric factor when the
local normal of each monolayer is considered, and the denominator of ¥; accounts

for apparent thinning of each monolayer due to deviations of N(® from n(®. The


jnagle
Sticky Note
J. Chem. Phys. 143, 154702 (2015)

jnagle
Sticky Note
This denominator should be omitted b/c it is intrinsic to the internal averaged bilayer structure, same as the protrusions and same as what is obtained from MD simulations. This omission makes a difference in Appendix C.2.
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electron density of a bilayer stack is then

p(R) = 3" py(r. ). (3.9)

3.2.2 Separation of the Structure and Form Factors

The predicted X-ray scattering intensity is derived for a stack of fluid phase lipid
bilayers described by p(R) Eq. (3.9). Since the system is described within a continuum
approximation, it is unreasonable to expect that the stacked membrane free energy
functional F, Eq. (3.4) accurately predicts scattering features known to be due to
short length scale phenomena (for instance the wide angle scattering peak centered
near ¢ ~1.4 A1 attributed to correlations between lipid acyl tails). Therefore, many
assumptions are made concerning the extent to which various fluctuation fields are
correlated over length scales consistent with the continuum approximation and probed
by the low angle X-ray scattering measurements (¢ <1 A~1).

In the Born approximation [62], the X-ray scattering intensity / and the sample’s
electron density p are related by

I(q) = < > : (3.10)

where V' is the sample volume illuminated by the X-ray beam. The angle brackets

/ d*R p(R)e R
;

correspond to a time-average over the measurement period. Assuming ergodicity,

later angle brackets denote ensemble averages unless otherwise noted.
Combining p(R) Eq. (3.9) and I(q) Eq. (3.10), the relation for the scattering

intensity is rewritten,

I(q) = <//d3R dP°R/ ¢ R-R) ij(r,z)pj/(r’, z’)> : (3.11)

Following the common procedure for molecular liquids, see for example pp. 127 [62],

the double sum in Eq. (3.11) is decomposed into a sum over j = j’ and a sum over

J# 7
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+

I(q) = <//d3R PR/ ¢'rR-R) Zm(n 2)p;(r', 2")

<//d3R 'R T ERIN " p )> (3.12)

J#£5’

The sum is decomposed into j = j' (intramembrane correlations) and j # j' (in-
termembrane correlations) in anticipation of treating these two types of correlations

differently. Rewriting I; using p;(r, j) Eq. (3.7) and making the substitution

Z=[z—jD -z (r)] ¥(x), (3.14)

(a)

— § ://dQ d2r/ 6zqr (r—r’)
2+3D+z. (r) D iD+zF(x")
P} 2 . /
/ ’ / T dp dy el e )]pj(r, z)p;(r', z')> (3.15)
~D4jD+2}( D 4jD+zf ()

Sy
J

/2 vale) /quj(r) dz d7’' eiqz[zf(r)—zf(r')] pslZ, PJ'(I')]/)S[?? Pj(r/ﬂeiqz (%_%) _
Dy Sy U;(r)0,(r)

(3.16)

—

Within the “minus fluid” convention, the electron density between the bilayers is zero.
Assuming that ¥; does not modify the integration limits too much, g\llj (r) =~ %, and

Eq. (3.16) is expressed as
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[j N[a Z//dZ d2r/ ezqr r—r’ < ’LQZ[ (r)- ‘.( )]Fj(r:q,z)F}'(I'/,qz)>,

(3.17)
where F is called the form factor,
D/2 z P
Fi(r,q.) = / az PEDOL {iq.2/0;(r)}. (3.18)
—D/2 Wy(r)

The stacked bilayers are assumed to be translationally invariant along the stacking
direction [z (r) —z}“(r’)} — |25 (r) — 24 (v))], Fj(r,q.) — Fo(r,q.), and Pj(r) —

J
Py(r). The variance of Wy(r) is shown to be small in Appendix A.2.2. Therefore

o(r) — (1) and

brz z, Py(r o
Fo(r,q.) ~ /D/2 dz Wexp {ig.2] (Vo) }. (3.19)

Then, I} Eq. (3.17) is further simplified assuming that the peristaltic fluctuations

Py(r) of ps are uncorrelated with z;~ over long length scales,

1(q) =3 [ [ et (O ) ). 320

Moving on to rewrite [; j, see Eq. (3.13), and making the substitution
Z= [z JjD — 2 (r)] (¥(r)),

@://&R&R-

<<) S [<wﬂr)> Ty TP O o[z, B(n)]p[2, Py () > .
. L (r!
o (W, (r)) (T (x))
(3.21)

Electron density fluctuations due to peristaltic modes P;j(r) are assumed to be suffi-

ciently uncorrelated between different bilayers,
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(pl2 BONALE Py ()]) = (pl2 BO) (02 Po0)]). (3:22)

Invoking translational invariance in the z-direction and using Fy(r,q.) Eq. (3.19),

Lig(a) = (@) (3.23)
= Z//d2r d2r/ 6zqr (r—r")4iq. D(j— J)< zqz[ +(r) % (/)]> {(FO(I‘,(]Z)>|2,
i3’
(3.24)

again using the assumption that P; is uncorrelated with z;r over long length scales.
Substituting I} Eq. (3.20) and I?,, Eq. (3.24) into I(q) Eq. (3.13),

~ Z / / d2r Q2p it (=) <eiqz[z3<r>fzo+(r/>]> {| Fo(r,qz)|2>+
Z//d2r d2 / qu "V +iq.D(j—5") <6iqZ[Z;r(r)z;C(r/)]> |<F0(I‘,qz>>|2 (325)

J#J’

Adding and subtracting the term,

Z //er d?r giar (=) <eiqz [Zg(r)*zg(rl)]> ‘(Fo(n q:)) ’
J

from I(q) Eq. (3.25) and grouping like terms,

, (3.26)

s Z//er er/ eiq:-'(r—r’) <€i(1z[26r(1‘)*23(1‘/)]> [<|F0(I',qz)|2> . ‘(Fo(ryq,z)>‘2i|
J

+ Z//er d2rl eiqr.(r—r')—i-inD(j—j/) <6iqz [Z;r(r)zjt(rl)}> }<F0(I‘7qz)>‘2 (327)
33’

For sufficiently small length scales, fluctuations in Fy(r, ¢.) are known to be signifi-
cantly correlated; a scattering peak due to correlations between acyl tails is observed
at ¢. ~1.4 A=' [3, 2, 53]. The current analysis focuses on ¢, < 0.3 A~'. Enforc-

ing liquid-like short range order by assuming that the fluctuations in Fy(r,q,) are
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uncorrelated over long length scales, I(q) Eq. (3.27) is further simplified to

I(a) = [<|Fo<r, 0.)F) - ]<F_o<r,_qz>>ﬂ S@) + [Fma| S@ (329

where indicates an in-plane spatial average,

v = 5 [ @ fa) (3.29)

We call

S(q) = Z //dzr A2y ¢i=(1—3")D+iqe (r—r') <eiqz [Zf(r)_zﬁ(r/)]> (3.30)
J:3’

the structure factor of the stack, and

Solq) = Z //d2r A2y efar(r=1') <€iqz[z§(r)—zo+(r’)]> ' (3.31)
J

is the structure factor describing the fluctuations of single bilayers within the stack.

For later notational convenience, I(q) Eq. (3.28) is defined as

I(q) = I(a) + Lu(a), (3.32)

where the “common” (c) intensity is

I.=|F(¢.)]* S(q) (3.33)

and

F(q.) is referred to as the form factor following many previous researchers [44, 46, 38].

The intensity due to single “bilayer fluctuations” (bf) is
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Iyi(q) = Fal(q:)So(q), (3.35)

where

Fala) = |(Fate ) - [t o] | (3.3

Commonly, only I, has been used to quantitatively describe the measured scatter-
ing from stacked lipid bilayers [44, 46, 38, 47, 55, 45]. The term describing internal bi-
layer fluctuations Ih¢(q) = Fa(g.)So(q) is unique to the present work. Expressing the
scattering intensity as a sum of two terms is routine for liquid-like samples [62, 63, 64].
Previously, a relation similar to Eq. (3.28) was suggested in the Appendix of [38] to
describe the scattering from stacked lipid bilayers. Closely following Guinier [65] (see
pp. 52-53), it was argued that the term I{; = JFa(q.), where J is the number of lay-
ers, predicts broad diffuse scattering that could be nonnegligible far from the lamellar
peaks.

S(q) in Eq. (3.30) and Sp(q) in Eq. (3.31) can be further simplified if [z (r) —

n

z5 (v )] is assumed to be normally distributed [66]. Deviations from normality have

been studied by Monte Carlo simulations [67]. Assuming normality,

o

S@ =3 / / @2 2yt =D+~ 5 [T (3.37)
53’

and

5 )
SO(q) — Z//er d2r/ eiqr'(r—r‘/)677<[z(¢(r) (}L( )] >7 (338)
J

where <[z]+(r) — Z;.C(I" )]2> is the height-height correlation function, the critical sta-
tistical quantity in the predicted X-ray scattering intensity. The structure factors
S(q) and Sp(q) are the principal focus of this thesis. Since S(q) and Sy(q) are func-

tions of an ensemble average involving Z;_, the necessary statistical predictions of the
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previously presented free energy functional F, Eq. (3.4) are derived.

3.3 Determining Statistical Quantities

Within Section 3.3, the previously introduced membrane free energy functional F,
Eq. (3.4) is reexpressed in Fourier space. Then, the tilt-dependent height fluctuation
spectrum (Section 3.3.2) and height-height correlation function (Section 3.3.3) are

derived.

3.3.1 Free energy in Fourier Space

For completeness, the membrane free energy F, Eq. (3.4) is reproduced,

1 N 2 N
A3 [ [ ) Ko
R

Since F, Eq. (3.39) is classical and harmonic, the fluctuations are Fourier analyzed
into normal modes. Assuming periodic boundary conditions both in- and out-of-plane,
the fluctuation variables are written in terms of Fourier sums. Fourier transforms of

the bilayer fluctuation fields are defined by

1

gq = /d2r Zgj(r)eiQr'rHszD (3.40)
VA -

Qrr+iQzj D (3.41)

1
gj(r) = JA %:ng

where g stands for any one of the fluctuation fields, A, is the area of the membrane
projection onto the xy-plane, and J is the total number of bilayers in the stack.
Throughout the thesis Q is reserved for the Fourier space of the fluctuations while q
describes the scattering Fourier space. 1°

Boundary conditions besides periodic ones have been explored [59, 57, 68, 69, 70].

10q is also known as the wavevector transfer or the scattering vector.
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For sufficiently large samples, different boundary conditions only primarily influence
fluctuations on long length scales similar to the sample size. The current X-ray

scattering experiments only probe fluctuations on length scales much shorter than

11

the sample size.” Therefore, the boundary conditions most amenable to analytic

calculations are used.

Following [1], the tilt field m(r) is decomposed into longitudinal Thy(r) and trans-
L
J
nents are

verse 17 (r) components. In Fourier space, the longitudinal and transverse compo-

gy = Q— (3.42)

(Qr X IilQ) - Z
Q@r ’

(3.43)

AL

mq

respectively, where Q, = (Q,,Q,). Given Eq. (3.42), V -m; in F, Eq. (3.39) is
particularly simple in Fourier space,

V -1y = iQ,ihy. (3.44)

Using the definition of the Fourier transform Eq. (3.41) and Eq. (3.44), F, Eq. (3.39)

is expressed in Fourier space,

1 J—1

Fo = a2 [

oA, / r ) {

j=0 Q,Q’

K, (—szg + iQrm@ (—Q;?zg, n iQ;mL'Q,)
+ Ky (mlyinly + iy ) | e1@+ @00

+ Bz42gy <eiQ2(j+1)D - einjD> (einz(j“)D - eiQ;jD> }ei(Q"*Q;)'r. (3.45)

The integral in F, Eq. (3.45) is evaluated using,

1 The sample coherence volume determines the longest length scale correlations that can be di-
rectly probed by an X-ray scattering experiment, see Section 5.3.2.
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/A A’ Q@ FT — 4 5(Q, + Q) , (3.46)

P

where § is the Dirac delta. Because @), and @, only take on discrete values with

periodic boundary conditions,

<

-1 _ oi(Qz+Q%)JD /
cil@-+Quip _ 1 6? )0 QAQiA0 (3.47)

1 — ei(Q:+Q%)D J, Qz + Q/Z -0

[
Il
o

and

T
L

<€2'Qz(j+1)D _ einjD) (eiQ’z(jJrl)D . eiQ{sz> — 4] SiHQ(QzD/2> 6QZ+Q’Z,07 (348)

<.
I
o

where the above § is the Kronecker delta. Utilizing Eqgs. (3.46), (3.47), and (3.48),
J. expressed in Fourier space Eq. (3.45) is simplified,

Fo= %%j (K. (@22 + iQuily) (~@22q — i@l o)
+ K, (m'(gm” o+ gt Q) +4B2g2 g sin%(Q.D/2)]. (3.49)

Following Watson et al. [1], it is convenient to express F, Eq. (3.49) in terms of

matrices in order to calculate thermal averages. Defining the vector,

f.(Q) = (za, g, mé) : (3.50)

Fu Eq. (3.49) is expressed as an inner product involving a Hermitian matrix U,

Zf Q) Uf(Q), (3.51)

where
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K.Q*+4Bsin*(Q.D/2) —iK.Q® 0
U= iK.Q KQ2+K, 0 | (3.52)
0 0 Ky
To determine thermal averages, the equipartition theorem is applied to the eigen-

modes of U. As is well known [21], various thermal averages are related to U™ (see
Appendix A.1),

(£ (Qf(Q)) = kT U™ dq-q, (3.53)
where
1+ &Q; ig5Q; 0
— 1 X . 4 sin2?

Ul = = €23 KCQT+4BK9 @:D/2) || (3.54)

0 0 =
C=K.Q,+4B (1+£Q?) sin*(Q.D/2), (3.55)
& = K. /K, (3.56)

kg is the Boltzmann constant, and 7" is the temperature.

3.3.2 Height Fluctuation Spectrum

The height fluctuation spectrum <]25]2> is required to calculate the structure factors
S(q) Eq. (3.37) and Sp(q) Eq. (3.38) and consequently, the X-ray scattering intensity
from a stack of membranes. Using Eq. (3.53) and U™! Eq. (3.54),

(124°) = ksT' Ui 1dq o
1+&0Q2 5
K.Q'+4B(1 +£Q?)sin*(Q.D/2) ¥ %
_ kgT 1 5
4B N2 +sin?(Q.D/2) ¥

= kpT

(3.57)
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where
s &
AT T57) (359
and
¢ = K./B. (3.59)

Several membrane free energy functionals make equivalent predictions for the
height spectrum. In order to compare to the derived bilayer stack height spectrum in
Eq. (3.57), literature single membrane free energy functionals are extended to describe

bilayer stacks by adding the intermembrane interaction term

x B (2, — =) (3.60)

The augmented model advanced by Watson et al. [22] predicts Eq. (3.57), where K. =
K?—Q2/(4K 4) was used. The extension of the Hamm and Kozlov free energy [31] to
describe a stack of bilayers leads to a free energy functional similar to F, Eq. (3.4),

but Hamm and Kozlov were describing a monolayer.

Tilt-dependent and -independent Height Fluctuation Spectra

The most pertinent difference between tilt-dependent and tilt-independent models is
their predictions for the height fluctuation spectrum. The tilt-independent height
spectrum is the limiting case of the tilt-dependent spectrum <|z$|2> Eq. (3.57) when
Ky — oo (or equivalently & = 0),

T .
<|26|2> = Klglgloo <|z(—5|2> (3.61)
! 5
K.Q*+ 4Bsin?(Q,D/2) ¥~ ¥

kT (3.62)

In various specific cases, the tilt-dependent height fluctuation spectrum is consistent

with expected results. The single membrane height fluctuation spectra (Q, = 27/D)
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are (|z4]?) o« (K;Qi - ﬁ) 22, 21, 1] and <\za\2>m{ o K#Q% The Ky-dependent

term in <|za]2> results in more power in the height spectrum for large wavevectors,
short real-space length scales, as compared to <|Z(3|2>M)ff Fig. 3.4 shows the single

membrane versions of (|z§|?) and <|25|2>}ﬂf Note, that 1/& = /Ky/K, separates

the bending dominated regime at lesser (), and the tilt mode dominated regime at

greater @),.
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Figure 3.4: Single membrane tilt-dependent (solid line) and tilt-independent (dashed
line) height spectra are plotted. The vertical short dashed line indicates the crossover

from Q;* to Q2 centered at \/Ky/K..

3.3.3 Height-height Correlation Function

The theoretical structure factors S(q) Eq. (3.37) and Sy(q) Eq. (3.38) are functions
of the height-height correlation function

2
1 . . . Iy ’
= Z Z(—S (62Qr~r+zsz _ elQr'l‘ +iQzz > > (363)
J Q

+ > (eiQr-rJrinz _ eiQr-r/Jrinz/) <€z’Q'r-r+iQ;z _ 6iQ;-r’+iQ’zz’) . (3.64)
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Substituting <|z6|2> Eq. (3.57) into Eq. (3.64),

([ ) = ))

) kBT (eiQr'I‘"rinz B eiQr'T/+inZ/) (e_iQr-r—inz _ e—iQr-r/_inz/) (3 65)
" iBAT 2 N+ 5in(Q-D,2) |
kT 1—cos[Qp - (r — 1) + Q.(z — 2')] (3.66)
- 2BA,J 4 N2 +sin®(Q.D/2) ' |

Assuming the step size in @, is sufficiently small, } q, in Eq. (3.66) is replaced by
AP
@ J 4Qr 2.

([5 @) = 50))%)
S S SRR LRI 360

Sm2J B o N2+ 5in®(Q.D/2)
-t e [ Wy e AL
_ 4/’;3};3 /Ow/a 10,0, %; — Jo(Cziglz‘r ;H:;I() C(E . )(z — 2] (3.69)
— 4%}7;3 /Oﬂ/a 10,0, Z 1— Jo(QNTIQTJF—Si“I’lIZ)((;)i)/ 2()] — j’)D]’ (3.70)

Q=

where 7/a is the longest @, mode beyond which the continuum aproximation of the
system is no longer valid. Note, the lower integration limit is 0 since the system size

is assumed to be infinite, see Section 6.3 for further discussion.

The sum over @), in Eq. (3.70) runs from ), = 2” 2 (=-J/2+1,..,-1,0,1,..., J/2).
J is assumed to be sufﬁciently large that the sum in Eq. (3.70) is approximated by

an integral, >, — 2L WT{?DdQZ,
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([0 = 5]
L /”/D L= Jo(@rlr — 1']) cos[Q-(j — ) D]

- dQ.
8728 —a/D @ N2 + sin?(Q,D/2)

(3.71)

As @, and @), simultaneously approach zero, the integrand of Eq. (3.71) diverges.
The aforementioned divergence issue exists for the tilt-independent free energy and
was solved by Ning Lei [56] by analytically evaluating the @),-dependent integral.
Lei’s work was followed by later researchers [44, 46]. The resulting @,-dependent
integrand no longer diverges as (), approaches zero, and therefore, the (),-dependent
integral can be numerically computed without the aforementioned concern. Using
Lei’s results [56, 55],

T 1 21
d - 3.72
/_W YR En’(2) RN (3.72)

and

T eime 2w Alml
d = , 3.73
/_7r v N2+sin2(§) VN2 4+ N4 ( )

where A = (\/1 + N2 — N)Q, the @.-dependent integral in Eq. (3.71) is evaluated
analytically after the substitution w = Q. D,

([0 == 0)°)

kT [ L= Jo(@lr — /AT
= 2B dQ, Q. 3.74
drB J, @ @ N R (3.74)

2j—7
B - ol e
o (e L (@l 7’|)( 1+ imrezon 2\/1+szcz%>
-t [, . (3.75)

Q’V‘ 1 + 4( £4Q%

V14£2Q2

1+£2Q2)

Defining v = # and substituting into Eq. (3.75),
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2[5l

e T=d (v [ e
“a 2

ke T (=) 1+2v \/l+2v
= dv
4r BE? /0
\/1+2v 1+2v

The right hand side of Eq. (3.76) only depends on the magnitude of the separation

N

(3.76)

between two points, |r — 7’| — r and |j — j'| — j. Defining dimensionless parameters

p=r/s, (3.77)

(=26/¢, (3.78)
- Wk?BT

n= —2D2B§2’ (3.79)

and

L= % (%)2 (3.80)

<[z;“(r) — zj,( )} > Eq. (3.76) is compactly expressed,

\/ﬁ L+ 1-1&)-116
= h(p, £, 7). (3.82)

The natural parameters of the theory are the three dimensionless variables the Caillé
7, in-plane length p, and tilt strength ¢ from which K., Ky, and B are determined. 7

is the dimensionless long wavevector cutoff.
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Tilt-dependent vs -independent Height-Height Correlation Functions

A critical difference between the tilt-dependent and -independent height-height func-
tions is the decay of their respective integrands. In the limit Ky — oo (¢ — 0),
h;i(p,¢,7) Eq. (3.81) reduces to the tilt-independent theory [55],

V2up) (VT + 02 —v)”
vy 1+ v? '

For large v the integrand of h;(p, ¢, 7) Eq. (3.81) decays like v~
for h’;’rr{ (p,7) Eq. (3.83). Because of the rapid decay of the tilt-independent integrand,

the upper integration limit often has been replaced by oo, assuming that the upper

(3.83)

- 272

. D*n [T 1—J
lim hj(p,ﬁ,T):h;**f(p,T):—n/ dv o
£—0 0

1 2

as opposed to v~

limit was sufficiently large [48, 56],

h”ﬂf(p)NDZn/Ooodv 1— Jo (V2vp) (V1+02—v)j. (3.84)

J o2 vV 1 4+ 02

Since the tilt-dependent integrand decays like v™!, its upper integration limit can
not be replaced by co. The &- and a-dependent upper integration limit complicates

computation of h;(p, ¢, 7) Eq. (3.81), a topic further explored in Section 4.1.
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Calculating the Height-Height

Correlation Function

Numerically calculating the theoretical height-height correlation function h;(p, ¢, 7) is
an essential step for analyzing the experimental scattering data. h;(p, ¢, 7) Eq. (3.81)

derived in Section 3.3.3 is reproduced for convenience,

2 2
D2 r 1—Jy (\/QUp) (,/1+”—v——%>
hi(p, ¢, 7) = _77/ dv - H;f e : (4.1)

0 Vitol'V L+ 1+vl

272
where the dimensionless variables p, ¢, 7, and n are defined prior to Eq. (3.81); p (the

scaled in-plane distance), 7 (the long wavevector cutoff), and the Caillé n parameter
are familiar from the tilt-independent theory; ¢ is a new tilt-dependent parameter.
Since h;(p,¢,7) is related to an integral with an oscillatory integrand care must be
paid to its computation. Additionally, h;(p, ¢, 7) is nested within other integrals in
the definitions of the structure factors, S(q) in Eq. (3.37) and Sp(q) in Eq. (3.38),
and therefore, its computation should be as fast as possible to minimize analysis time.

Various approximations are made to expedite the calculation of h;(p,¢, 7). Sec-
tion 4.1 describes the general procedure to compute h;(p, ¢, 7). Following a similar
methodology as previous researchers [48, 46, 38|, values of h;(p,?,7) as a function
of p, ¢, and j are computed and stored in a table. When analyzing data, the table
is queried, and its entries are used to interpolate values of h;(p, ¢, 7). In Section 4.2

an analytic approximation ﬁj(p, ¢,7) is derived, taking inspiration from the deriva-

47
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Figure 4.1: h;(p, ¢, 7) and ﬁj(p, ¢, ) are plotted as functions of p for several j and
=0.1.

tion of the tilt-independent analog [56]."2 For p > 1, h;(p, £, 7) is used to determine
h;(p,¢,7), diminishing the necessary maximum p-value of the h;(p, ¢, 7) table. Addi-
tionally, izj (p, ¢, 7) is derived to compare it to its tilt-independent analog ﬁj(p, 0, 00).
ﬁj(p, 0, 00) is important since it was used to predict the power law decay of the scat-
tering peaks from smectic A liquid crystals [41] (of which stacked bilayers are an
example). Finally, in Section 4.3, it is argued that from a scattering perspective the
most significant differences of tilt-dependent and -independent height-height correla-

tion functions are for j ~ 1 and p < 1.

Since the behavior of h;(p, ¢, ) is not readily apparent from Eq. (4.1) and to pre-
view the main conclusion of Section 4.2, h;(p, ¢, 7) Eq. (4.1) and ﬁj(p, (,7) Eq. (4.54)

are plotted in Fig. 4.1 for ¢ = 0.1 and 7 = 50 (typical values). h;(p, ¢, T) well approx-
imates h;(p, ¢, ) for p > 1.

12T [56], an analytic approximation of the tilt-independent height-height correlation function for
p < 1is also derived. The corresponding analytic result for the tilt-dependent theory is outstanding.
Given such a result, the size of the h;(p, ¢, 7) table could be further diminished. Additionally, using
the p < 1 analytic approximation, it may be possible to determine a Ky-value from the decay of the
measured scattering intensity I(q,,q.) for large ¢, in a similar methodology to the early power-law
analyses that determined 7 [42].
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4.1 Tabling h;(p,¢,T)

To determine the elastic moduli values that lead to the best agreement between theory
and data, hj(p,f,7) Eq. (4.1) is evaluated many times in a nonlinear least squares
fitting procedure (see Chapter 7). To reduce the computational overhead for fitting
the data, values of h;(p,?,7) as a function of p, ¢, and 7 for each value of j can
be stored in a table. At run-time, the 4-dimensional table could be queried and a
3-dimensional interpolation would yield a value of h;(p, ¢, 7) for a given j value. The
aforementioned scheme reduces the time required to fit data since a single evaluation
of an interpolation to approximate an integral is traded for many evaluations of the
integrand. Assuming that 1000 floating point values (4 bytes each) are sampled for
each dimensionless parameter, the size of such a h;(p, ¢, 7) table would be 4 TB, much
too large to easily store and retrieve using a standard desktop computer. A lower

dimensional tabling scheme is presented in Section 4.1.1.

4.1.1 Considering the Finite Upper Limit 7

hi(p,¢,7) Eq. (4.1) is approximately expressed in a simpler form which is stored as
a 3-dimensional table. Given a chosen constant for the upper limit of integration 7,
h;(p,¢,7) is tabled as a function of p and ¢ for each j value, a 3-dimensional table.
h;(p,¢,7) is calculated using the tabled values and a two-dimensional interpolation
scheme for each value of j. The aforementioned method over- or underestimates
h;(p, ¢, ) because of the difference between the true - and a-dependent upper limit,

7', and the chosen 7 value.

2

(o, £.7) = (o, £,7) + 50,7, £,p,) (4.2
where C(1,7',¢,p,j) is the over- or underestimation of the integral in h;(p, ¢, 7)
Eq. (4.1).

An approximate relation for C(7,7',¢, p,j) is derived. The smallest reasonable
value of 7 is 72/2 because the in-plane correlation length ¢ must be larger than
the short length scale cutoff a. Beginning with h;(p,¢,7) Eq. (4.1) and assuming
T'>7>m/2



Chapter 4. Calculating the Height-Height Correlation Function 50

2j
g 1= Jo (Vaup) (/14 125 — o2 )
v .

02

v
V14wl L+ 1+ve

:/ﬁd ik /dx o (Vo) (14 5t «f’m)%

v
V1T ol + 02
! Y ’ v1+v 1_'_ 1+U€
=C(1,7',0) — C* (1,7, ¢, p, 7), (4.4)

Cr 7l p, ) = /

where in the final line the correction was split into p- and j-dependent and -independent

parts. CT is evaluated analytically,

™ 14+l
Cl(r, 7', 0) = d 4.5
(r.7.0) - Y 1+ vl + v? (45)

B T C+ 27"+ 2f. (1) 2401 4+ 2f(7")
= (?) i < 0121+ 2f.(7) ) —ln ( 2+ 01+ 2f.(7) ) » (46)

where f.(z) =1+ 2l + 2. Moving on to C*,

dev o (V2vp) (m Vﬁ)% (4.7)

02
1+ 140l

C*(r 7 £, p ) = /

v
V1+vl

In general, C* < CT because its integrand oscillates about zero and

- v2 v “
140l /140l

decays rapidly as a function of j. For 7 > 1, C'* is negligible, and therefore,

C(r, 7'l p,j > 1)~ CT<T, 7. 0) (4.8)

D2
= o1 (p, 0, 7) & hysa(p, 6,7) + WQCT(T, 7.0). (4.9)
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hj=1(p,¢,7) in Eq. (4.9) is determined using a 3-dimensional (p, ¢, j) table. CT is
efficiently calculated at run-time using Eq. (4.6). For j = {0, 1}, h;(p, ¢, 7) Eq. (4.1)
is evaluated at run-time. Still, the prodedure discussed above significantly reduces
the amount of run-time computation. h;(p,¢,7) is tabled for 2 < j < jyax, Where
typically jmax = 2000 (approximately the number of bilayers in the sample).

In Figs. 4.2 and 4.3, Egs. (4.2) and (4.9) are quantitatively compared, where

hilp t.7 =7°/2) + 5ACH(r = 7*/2,7',0) (4.10)

Ah;(p, 0, 7)) =11 —

is the relative error of neglecting C*. For all comparisons, p = 0 is chosen because
that maximizes C* and therefore provides an upper bound on p > 0 as well as j > 2.
Values of 7 = 72/2 and 7/ = 50 were chosen. In Fig. 4.2, Ah;(p, ¢, 7') Eq. (4.10) is
plotted as a function of ¢. Clearly C* is most significant for ¢ = 2, an upper bound
on ¢ assuming & < ¢. Typically, { < € and ¢ ~ 0.1. Next, Ah;(p,¢,7") Eq. (4.10) is
plotted in Fig. 4.3 as a function of j for £ =2 or 0 . For 5 > 1, C* is neglected with

errors < 1073.

0.020

0.015

0.010

Ahs(0, ¢, 50)

0.005

0.000 £ . I . 1 . 1 .
0.0 05 10 / 15 20

Figure 4.2: The relative error of neglecting C* as a function of ¢.
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Figure 4.3: The relative error of neglecting C* as a function of j for £ = 2 (black solid
line) and ¢ = 0 (red dashed line). The solid and dashed lines are upper and lower
bounds, respectively, for the relative error. Even though it is a postive integer, 7 has
been plotted as if it is a continuous variable.
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4.2 Analytic Approximation of h;(p,?, )
An analytic approximation for h;(p, ¢, 7) for p > 1is derived to reduce the dimensions

of the (p, ¢, j) table and to compare to the tilt-independent analytic approximation,
see Eq. (4.54) for the final result. Starting from h;(p, ¢, 7) Eq. (4.1),

hj([),&T) Ehj(p>> 1,£,T) (411)
D277 .
= D (1, 1), (1.12)
where
T 1
Li(l,T€) = / dv (4.13)
€ \/i + (L)2
1+vl 1+vl
and

Jo (\/%P) <m - x/lquivf)%' (4.14)

-[2(/)7€a7-7j;€>5/ dv

I) Eq. (4.13) is evaluated analytically,

, (4.15)

T[0 + 21 + 2fc(r)]f> W (6[2 + 2 + 2fc(e)]f)

Ii({,7;¢) = In ( 21 07 + 2f.(7) 2+ le+2f.(e)

where f.(z) = V1 + lx + 2. Moving on to Iy Eq. (4.14) for p > 1, the contribution

to I is mainly for v < 1 because of the increasingly oscillatory nature of the Bessel

function. For v < 1,
02 02 2
. 4.1
\/1+v€+<1+v€> ! (4.16)

For jv <« 1,
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2j
v? v 2jv
1+ — ~ expl — . 4.17
( 140l \/1+v€> p{ \/1+v€} (4.17)
For vl <« 1,
eXpq —————p Ve 4.18
P { v1+4 vf} ( )
~ (14 jlv*) e . (4.19)
Substituting Eqs. (4.16), (4.17), and (4.19) into I, Eq. (4.14),
T 1+ jlv?)e 2" Jy (V2
JQzIQaE/dU( jl)e v (V2vp) (4.20)
. v
For v > 1, the integrand of Eq. (4.20) rapidly decays,
v o4, j=0
x : (4.21)
,03/4672]'1)’ i>0
and therefore, the upper limit of integration is extended to oc.
> 1+ jlv?)e 2" Jy (V20
]2a(p’€77—7j;6) %]2b(pa€7j;6) E/ dU ( / ) v ’ ( p) (422)

Note, Eq. (4.22) is reasonable for j > 0. After completing the derivation of the
j > 0 analytic approximation, the special case of j = 0 is discussed, see Eq. (4.48).
Replacing Jy (\/ 21}p) in Eq. (4.22) with its Taylor series about v = 0,
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Iy = /6°° do & +j€1;2) o2V i ((;;))2’“ (\/22_"%)% (4.23)
S (L) (et e [T e

Substituting y = 2jv,

]2b<P7 Ea] > 07 6)

::0(_1)%%)%(2;)‘@ (/w W+ fy W fa) a

First, the & = 0 term g, in I, Eq. (4.25) is evaluated,

o0 1ty 14 ;
Loy, E/ dy e <‘+—.) = E1(2j€) + — (1 + 2je)e e, 4.26
=) L) = a2+ 0240 (4.26)

where Fj(x) is the exponential integral. Moving on to the k& # 0 terms in g,

Eq. (4.25) and allowing € — 0,

= i ﬁ!l)): (Z—j)k (F(k) %F(k + 2)) (4.28)

Using I'(t+1) = tI'(t) and I'(¢) = (t—1)! if ¢ is a positive integer, Eq. (4.28) is further

rewritten,
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(DR A\ 4
1%_2_; Gk (@) <F(k:)+4—jk:(k+1)P(k)) (4.29)
= (D) 2\ " 14
2 Gy (b= ) (5) (e gppeen) 430
R Ay
= 2w (47’) <1+4jk(k“))' 3
Using,
Z(_;j) e, (4.33)
k=1 )
and
T G AR
Zk I Tre (434)

Ly = g (k_(;?)k (g)k (1 + 4%1@(1@ + 1)) (4.35)
=—y—1In <Z—j> — E (Z—;) + %(—xez +e % —1), (4.36)

where x = p?/4j. Adding I, 1 Eq. (4.26) and Io,5 Eq. (4.36), Iy, Eq. (4.25) is written

Iy = Er(2j€) + (1 4 2je)e=2 (2 -k (2 L Cpem e o)
= —_— € — — —_— — —_— —(— — .
2b 1l2]€ 4j J v 4j 1 4j 1
(4.37)
Returning to h;(p, £, 7) Eq. (4.12) and using I; Eq. (4.15) and Iy, Eq. (4.37),
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27T 7 1 . y .
D2 h (pa ﬁ, T) = ll_rfé [[1(677—a 6) _IQb(p7gaj > Oa 6)] (438)
[0+ 27 + 2f.(7)]*
~ In
2+ 01+ 2f.(7)
, €[l + 2¢ + 2f.(€)] . 14 Ny
—1 1 Er(2 —(1+2 e
50 {n< 2vler2f(e) ) e 41‘( e

2 2
p p e
| E, | — — T_e T4 1).
+v+ n<4j)+ 1<4j)+4j(xe e " +1)

Focusing on the e-dependent terms in Eq. (4.39),

l4 -(e)]¢ . o
lim {In (6[2121;;623] + Ey(2j€) + — (1 + 2je)e 236]

L €[l + 2¢ + 2f.(e)) — (—2j¢) 4
= limg lln( 2+ le + 2f.(c) ) ln(zjg)_; Ry | TG
L [€ 4 2¢ + 2fe())f
— (2j[2+€e+2fc(e)]>] Ty
B (€4 2)* 4
_ln( 85 )‘“47
where
0k
Ey(z)=—y—Inx — Z (k(li")) "
k=1

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

was used to obtain the second line, see Eq. (4.32). Substituting Eq. (4.42) into

Eq. (4.39),
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212\ -
(D—Qn> hj>0(pa l, T)

N [0+ 27 + 2f.(7)]* 2)¢ 14 0 0
Nln( 24 O + 2fu(7) ) ( >+27_@+1n(43)+E1 (@)
g —T —
+@( +1) (4.44)
f ; 8 E 2
—ln( [2127122]]:; ) < >+27+1n(p2)+E1 (Z—j)

i)l g}

The final p-dependent term in Eq. (4.45),

/ p2 p2
— == —= 4.4
4j (4j 1) eXp{ 47 )7 40

is always a small contribution. Neglecting it, Eq. (4.45) is simplified

.4;

;Lj>0(p7 E 7-)

12);;7 {E (Zj) +1n (p?) +27 +1In (T[§1§Zi§;é:;]€) —n (<£+22)e)} ‘
(4.47)

To complete the derivation of the p > 1 analytic approximation of h;(p, ¢, 7), the
special case of j = 0 is considered. Returning to Iy, Eq. (4.22) for j =0,

< Jo (V2
Igb(p,e,j:o;e)z/ dv O(T\/_Up), (4.48)

Substituting y = v/2vp,
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* Jo(y)

Ion(p, €, 0;¢) = 2/ dy (4.49)
V2ep Yy
Ve
— 2y —1In(p?) —In (f) + 2/ dy L= ol) (4.50)
2 0 Yy

where Eq. (4.50) follows from a formula found in Abramowitz and Stegun [71],
(11.1.20). Finally, substituting /; Eq. (4.15) and Iy, Eq. (4.50) into Eq. (4.12)

= lir% [[1(€,7‘; €) — Lop(p > 1,4,0; e)] (4.51)

N [0+ 27 + 2f.(7)]* 5
Nln< 2t T+ 20.(7) >+2’y+ln(p)

~lim [ln (6[6 et QfC(E)]e) ~m () + 2/@) dyl_—‘]‘)(y)] (4.52)

e—0 2+ le + 2fc<€> 2 Y
=1 (p?) +27 +In (T[ﬁ j: 577122]{((316) —In <@) . (4.53)

hiso(p, €, 7) and ho(p, £, 7) are combined since for j = 0, Ey(p?/47) = 0. Therefore,
using Eqgs. (4.47) and (4.53), the analytic approximation is compactly expressed as

D277

b, £.7) = () + D 2A(e.7), (454)
where
_ [0+ 27 + 2f.(7)]* (0 +2)*
A(E,T):ln( 2T i 20.(7) )—ln< 5 ) (4.55)

and ir;”l{ (p) is the tilt-independent analytic approximation,

W (p) = D—ZZ [El (p—2) +1In (p?) + 27} . (4.56)



Chapter 4. Calculating the Height-Height Correlation Function 60

LA | T UL | T UL |
=10 F A
E — h;(p,0.1,50), Eq. (4.1)

T === h;(p,0.1,50), Eq. (4.54) 1
_C% i _
— j =100
/'O\ -
LO
—"'\ - -
o _

S 5 j=10 .
NS _

S
6\ B ] e 1 .
Y C _
=
S L _

. . 7
S 0 J=0 /
< / 1

0.01 0.1 1 10 100

p

Figure 4.4: h;(p,¢,7) and its analytic approximation izj (p, ¢, T) are plotted as func-
tions of p for several j and ¢ = 0.1. h;(p,¢,7) is a good approximation for p > 1.

In the limit £ — 0 and 7 — oo, A((,7) — 0, and h;(p,0,7) — h;(p)*. The p-
dependence of the tilt-dependent and -independent theories is approximately the
same. The lowest order p-dependent correction to ﬁj(p, ¢, 7) was neglected, see

Eq. (4.46). The primary effect of including tilt is to contribute the additive factor

Do s oy, (4.57)

272
Fig. 4.4 (plotted again for convenience from the beginning of the chapter) and
Fig. 4.5 show h;(p,0,7) Eq. (4.1) and h;(p, 0, 7) Eq. (4.54) for various j-values and
= 0.1 and ¢ = 2, respectively. ¢ ~ 0.1 and 7 & 50 are typical values, and ¢ = 2 is the
largest reasonable (-value. Figs. 4.6 and 4.7 show the relative error of h;(p, ¢, 7) and
ﬁj(p, 0,7). ﬁj(p, ¢,7) is used to approximate h;(p, ¢, 7) for p > 10, where the relative
error is less than 1073 for ¢ < 2.
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Figure 4.5: h;(p,¢,7) and its analytic approximation Bj (p, ¢, T) are plotted as func-
tions of p for several j and ¢ = 2. hj(p,{, ) is a good approximation for p > 1. The
small amplitude oscillations in hgy(p, ¢, T) are caused by the interplay between £ and

€o-
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Figure 4.6: The relative error of hj(p, ¢, 7) and ﬁj(p, ¢,7) is plotted as a function of
p for several j and ¢ = 0.1. The jagged features of the curves are likely numerical

artifacts.
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Figure 4.7: The relative error of h;(p, ¢, 7) and h;(p, £, 7) is plotted as a function of
p for several j and ¢ = 2. The jagged features of the curves are likely numerical

artifacts.
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4.3 Difference of Tilt-dependent and -independent
Height-Height Correlations

In Section 4.2 it was shown that in the limit p > 1 the difference between tilt-
dependent and -independent height-height correlation functions is approximately,
272;’/\(6, 7), see Eq. (4.54). Below, it is shown that in the limit j > 1, the differ-

ence between tilt-dependent and -independent correlation functions is also ]2372;7/\(6, 7).

Using h;(p,£,7) Eq. (4.1),

D—QnA’(é 7) = lim [ht(p 0,71)— th(p)} (4.58)

272 ’ >0 J ’
= lim [h;(p, £, 7) = i(p, 0,7)] (4.59)

2|4
= A'(¢,7) = lim / dv ( et Vit ‘> (4.60)
i>1 0 v 1+ v2
1+l 14wl
T 1= Jy (v2up) (VI T 02— )
| aw . (4.61)
0 vV1 402

The terms raised to the 2|j| decay very rapidly as functions of v, and decay increas-
ingly rapidly for increasing j. Therefore the aforementioned terms are neglected in
the limit j > 1. Simplifying A’ Eq. (4.61),

/ _ ! v 1 _ 1
A(z,f)_/o d m\/@ —— (4.62)
- [ (fE2e 2ty 49
(Somea) () -n((52) o
(i) (5) o

=A(l,T). (4.66)



Chapter 4. Calculating the Height-Height Correlation Function 64

A Eq. (4.65) is the same as A Eq. (4.55). For j > 1 or p > 1, the difference of
tilt-dependent and -independent height-height correlation functions is approximately
a constant.

It can be shown that adding a constant (such as A) to the height-height corre-
lation function has a predictable influence on the predicted scattering intensity, see
Appendix D.1 for an analogous argument regarding a different issue, and that this
influence can not be used to differentiate tilt-dependent and -independent models.
Therefore as expected, the most significant difference between tilt-dependent and

-independent height-height correlation functions occur for j ~ 1 and p < 1.

4.4 Corresponding Caillé Exponents

Previous researchers have used the p > 1 tilt-independent approximation of the
height-height correlation function frz’ﬁf (p) Eq. (4.56) to interpret scattering from smec-
tic liquid crystals [42, 37]. Consequently, the corresponding analytic approximation of
the tilt-dependent height-height correlation function Bj (p, ¢, 7) Eq. (4.54) is important
in order to allow comparison with previous work. Quasi-long range order in smectic
A liquid crystals was first established by analyzing X-ray scattering. Considering a
continuous infinite smectic liquid crystal, Caillé predicted that the out-of-plane X-ray
peaks have power-law tails, a consequence of the logarithmic divergence for increasing
p of frz"){f (p) Eq. (4.56). The predicted power law tails are

S (g, 2wh/D) o g 4=2m) (4.67)
S (0, Agap) o Ag, ™, (4.68)
where
= h2, (4.69)
Aq,z7h =dq, — qz,ha (470)

and ¢, is the g,-position of the hth out-of-plane Caillé peak. h is a positive integer

that indexes the out-of-plane peaks. Later, Als Nielsen et al. experimentally observed
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the aforementioned power-law tails, verifying Caillé’s predictions [42]. In 1988-89, it
was shown that the scattering from a stack of lipid bilayers is also well described
by smectic liquid crystal theory [36, 37]. Finally, Ning Lei derived that the power-
law exponents for a smectic free energy, discrete in the z-direction, are the same as
predicted by Caillé [56, 55].

In Section 4.2, it was shown that ilj (p, ¢, 7T) and liﬁfl{ (p) have approximately the
same p-dependence. Therefore, the scattering power law exponents derived by Lei
and Caillé are negligibly modified by considering tilt. Consequently, previous mea-
surements focused on the scattering intensity in the tails of the Caillé peaks can not
be meaningfully reanalyzed to obtain tilt-associated information. The effect of con-
sidering tilt is to modify the height-height spectrum for large @), short real-space
length scales (see Section 3.3.2). Therefore as expected, the r > ¢ analytic approx-
imation of h;(p, ¢, ) and related predicted scattering peak power-law exponents are

insignificantly influenced by including tilt.



Chapter 5

Predicted Experimental Scattering

Intensity

The theoretical scattering intensity from stacked lipid bilayers was introduced in
Section 3.2.2. The measured intensity differs from the theoretical scattering intensity
because of several sample-dependent and experimental issues. The sample-dependent
effects are discussed first, followed by the experimental ones. First in Section 5.1,
the theoretical structure factor S(q) is rewritten in cylindrical coordinates, assuming
that the scattering intensity from the sample is the incoherent sum of scattering from
sample subvolumes of cylindrical shape. Next in Section 5.2, the effects of domain
mosaicity are briefly reviewed, finishing the derivation of the predicted scattering
from multidomain stacked bilayers.

The effects of experimental issues on the predicted scattering intensity are dis-
cussed in Section 5.3. First the scattering geometry is described in Subsection 5.3.1.
In Subsection 5.3.2 the X-ray beam’s coherence is defined, and the sample coherence
volume is derived. Then in Subsection 5.3.3, the beam shape on the detector is mod-
eled. In Subsection 5.3.4 absorption effects are discussed, completing the derivation
of the predicted scattering intensity for a fixed incident angle X-ray exposure. For
most low angle X-ray scattering data, the incident angle is continuously varied dur-
ing an exposure. Therefore, the fixed angle exposure prediction is integrated over all
relevant incident angles in Subsection 5.3.5.

Since the current work can be viewed as an extension of previous research and
fitting software (NFIT') [48, 46], many issues in this chapter are compared to the prior

work.

66
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5.1 Structure Factor for Cylindrical Subvolumes

In Lyatskaya et al. [44], the structure factor S(q) Eq. (3.37) was presented in cylin-
drical coordinates. Later, S(q) was expressed in Cartesian coordinates, motivated
by the consideration of X-ray coherence issues [48, 46] (see Section 5.3.2) and as-
suming rectangular cuboid domains. Appendix B further discusses S(q) in Cartesian
coordinates and shows that the predicted scattering from rectangular cuboid domains
includes features that are not experimentally observed. Therefore, S(q) is expressed

in cylindrical coordinates.

In Section 3.2.2, the scattering intensity was decomposed into the sum of two
terms, see Eq. (3.28),

I(q) = Fa(g:)So(a) + |F(q:)” S(a), (5.1)

where

2
Sta) =Y [ [ e et B0l (s
g3’
= Z //d2r d2r/ ein(j—jl)D-HQr'(r_r/)G(r’ r/’j, j,7 qz> (53)
J»3’
So(q) = Z//d% Ar G (e, 1, 0,0, ¢.) (5.4)
J

=D iy / / dr &’ e TIG(r Y, G gs). (5.5)
J:J’

G(r,r'. 7,5, q.) is the pair scattering correlation function, and ¢, is the Kronecker
delta function. Since Sy(q) Eq. (5.5) is a special case of S(q) Eq. (5.3), the following
derivations only involve S(q). Using Eq. (5.3) and following similar previous work [44],
S(q) of a cylindrically symmetric single domain (SD) composed of J layers with

diameter L, is expressed as
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J-1

Ssp(ry @z Lo J) = ) eiQZ(j_jl)D/ d’r &' IG5 ).

4,4'=0 7], |<Lr/2
(5.6)
Since the height-height correlations only depend on the in-plane magnitude r and the
out-of-plane distance |j — j'|D (translational invariance), the pair scattering correla-

tion function G in Eq. (5.6) is more simply expressed,

G(r,v', 5,7 q.) = G(|r = 1|, |7 — 5], ¢2) (5.7)
=G(r,7,q.). (5.8)

Using G Eq. (5.8), Ssp Eq. (5.6) is written

J-1 L,

/ . . r .
Sop(tr s Lo ) = 72 Y (T =)o) [ o8 (L) ) Gl
=0 0 "
(5.9)
where
/ multiply element by 1, 7 =10
Y 2-d0)=) = (5.10)
multiply element by 2, j # 0
and
cos Hz) —av1—a2, <1
F(z) = (@) = (5.11)

0, > 1,

accounting for the area overlap of two equal radius circles with centers separated by
a fraction of their radius z [72].

Further modeling of the stacked bilayers is affected by both sample attributes and
experimental details. The stacked bilayer sample is unlikely to be a single crystal.
Due to defects, inhomogeineity, and various other nonidealities, positional correlations
generally do not exist between all points in a macroscopic sample. Consequently,

the stacked bilayers are assumed to be composed of many cylindrical domains with
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characteristic sizes .%, and .Z,. By definition fluctuations in different domains are
uncorrelated, and therefore, %, and %, limit long length scale correlations in the
sample. Importantly, the perception of long length scale correlations is influenced
by details of the scattering experiment. Only the scattering from points within a
sample coherence volume (diameter of £, and height £,) are added coherently, see
Section 5.3.2. Therefore, only correlations shorter than £, and £, are probed during
an X-ray scattering experiment. Finally, the scattering from the sample is assumed
to be the incoherent sum of scattering from many cylindrical subvolumes. The sizes
of the subvolumes are determined by the smaller of the characteristic sample domain

sizes (%, and .%,) and the sample coherence volume (£, and L,).!

Further, the diameter and height of the subvolumes are described by distributions
P, and P,, respectively. P, and P, are assumed to be independent and are unknown.
Previously, either Gaussians [38, 44] or exponentials [46, 73] have been used. For
upcoming theoretical derivations, only the characteristic length of the distribution is
important, the mean or the 1/e length for a Gaussian or an exponential, respectively;
the particular functional form of P, and P, is unimportant. Therefore, the decision to
use Gaussian or exponential distributions is postponed (see Section 6.2). Derivations
specific to Gaussian and exponential distributions are presented in Sections 5.1.1
and 5.1.2, respectively. From a data fitting perspective, the most significant difference
between Gaussian and exponential distributions is the number of required parameters:
two for a Gaussian (mean and standard deviation) and one for an exponential (1/e
length).

The structure factor of the many domain (MD) sample Syp is expressed as the

sum over the single domain Sgp Eq. (5.9),

13As an illuminating example, the case of an infinite single crystal (%, = .%, = o) is discussed.
By construction, positional correlations persist over the entire crystal. However, an X-ray scattering
measurement only probes correlations over length scales less than £, and £,. Therefore, the effective
sizes of the cylindrical subvolumes are £, and L, .



Chapter 5. Predicted Experimental Scattering Intensity 70

v, .) = / dL. P.(L.) / AL, P(L,)Sso(dr.12) (5.12)
0 0
~1

| ar Py Y eostaip)

J=0

o] Ly
/ dL, P.(L,) / dr reL2F,(r /L) Jo(gr)G(r jogs). (5.13)
0 0

<

The second line of Eq. (5.13) is an example of an iterated integral. The upper limit of
the inner r-dependent integral is a function of the integration variable of the outer L,-
dependent integral. The integration order of the two integrals can be reversed if the
integration limits are suitably modified. Similarly, the order of the j-dependent sum
and L.-dependent integral can be changed. Exchanging the integrals and modifying

their limits, Sup Eq. (5.13) is succinctly written as

!/

SMD(Qraq,z) = Z

J=0

H.(jD) cos(q.j D) /0 S dr rHA () oGO g ), (5.14)

where

) =7 [ L, REBEG/L) (5.15)

and

H.(z) = /OO dL, P.(L.)(L, — z)/D (5.16)

are effective in- and out-of-plane finite-size factors, respectively. For completeness,
the Sy analog to Syp Eq. (5.14) is

SO,MD(QMQZ) = Z 5]‘,0 Hz(]D) COS(quD)/ dr THT<T)J0(QTT)G(T7j7QZ)' (517)

=0 0
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5.1.1 Gaussian Subvolume Distributions

The mean diameter £, and height £, are determined by the smaller of the domain
size (£, and .%Z,) and the sample coherence length (£, and L), see Eqs. (5.79)
and (5.81). Assuming that the X-ray wavepackets are Gaussian, both the in- and
out-of-plane coherence length distributions would be Gaussian [74], and Gaussian

domain size distributions are reasonable [38],

P(L,) = UieXp {— (L, — &) /202} (5.18)
and
PAL) = e (= (L - £ 202, (5.19)

where o, and o, are assumed to be constants.

The factor of £, in the denominator of P, accounts for the fixed number of layers
in the sample; £ is proportional to the number of subvolumes with height £, in
the X-ray illuminated sample volume. Earlier work in this lab also assumed Gaussian
distributions [44, 38]. H, Eq. (5.16) is expressed in terms of tabled functions

H.(z) = 2;;}1 [\/iazexp {— (7;)2} + V7 (L, — 2)erfe (Z\/_if)] . (5.20)

where erfc is the complementary error function

erfc(z) = % /OO du e (5.21)

5.1.2 Exponential Subvolume Distributions

Originally, Gaussian domain size distribution functions were proposed in the modified
Caillé theory [38]. Soon afterwards, exponential distribution functions were shown

to fit X-ray scattering data from multilamellar vesicles as well as if not better than
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Gaussian distributions [73] (see pp. 18-22). Subsequently, exponential distributions
were used to describe both the domain size and sample coherence distributions [48, 46].

The exponential analogs to Egs. (5.18) and (5.19) are

=

P(L,) =

T

exp{_Lr/Er} (522)

)

T

and

PUL) = gyoxp {~L./8.) (5.23)

The second factor of £, in the denominator of P, accounts for the fixed number of
layers in the sample. Since the exponential distributions are peaked at 0, a significant
fraction of the domains are too small for the correlation functions to be reasonably
approximated by an infinite domain, see Section 6.3. For an exponential distribution,

H, Eq. (5.16) is evaluated analytically

H.(2) = %exp (—2/2.). (5.24)

5.2 Mosaicity

In Section 5.1 the sample was assumed to be composed of many domains with differ-
ent sizes. Ideally, all of the domains would be oriented such that their out-of-plane
repeat direction is parallel to the substrate normal. Similarly to the description of
orientational disorder of crystallites within a polycrystalline solid, the bilayer domain
normals are described by a peaked orientational distribution function, often called
the mosaic spread distribution. Typically for lipid bilayer stacks, the distribution
function has a single maximum along the substrate normal and has no azimuthal
dependence. A previous tilt-independent LAXS analysis considered a Gaussian mo-
saic spread distribution [48]. Motivated by recent experimental results (Nagle lab
in preparation e current methodology replaces the Gaussian distribution function

with a Lorentzian


jnagle
Sticky Note
A manuscript has been submitted for publication as of 9/15/2015.  In addition a report has been prepared that proposes a correction to the bending modulus obtained when applying NFIT to samples with up to 1.5 degrees mosaic spread 10/15/2015.
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2Ym 1

Bnl0) = =0

(5.25)
where 7y, is the full width at half maximum (FWHM) of the Lorentzian. For the best
oriented samples, the mosaicity is sufficiently small (~0.1°) that the effect of mosaic
spread is modeled as a convolution along planes of constant ¢, [48], as opposed to
a double integral over polar and azimuthal angles along surfaces of constant ¢ [50].
Using I(q) Eq. (5.1), the theoretically predicted scattering intensity from a sample

composed of many misoriented domains is

I"(a) = 1(gr, g:) * Pu(gr), (5.26)

where * indicates a convolution. Substituting Syp Eq. (5.13) and Soup Eq. (5.17)
into I™ Eq. (5.26),

1°(a) = |F(@:)” [Su(@r,0:) * Pular)| + Fa(a:) [ Sonn(gr. ) * Pular)|  (5:27)

= |F(q.)|* Syip(a) + Fa(g:)Sivp(a). (5.28)

The effect of larger mosaic spread is not dealt with in this thesis.

5.3 Experimental Details

Various experimental details influence the measured X-ray scattering intensity. First
in Section 5.3.1, the scattering geometry for a fixed low angle X-ray scattering exper-
iment is described, and the well-known relationship between detector space (p., p.,w)
and qg-space is derived. Next in Section 5.3.2, the beam’s coherence is defined, and
the sample coherence volume is evaluated. Then in Section 5.3.3, a general formalism
to determine the beam shape on the detector is presented, and the effect of the beam
size on the predicted scattering intensity is modeled. Absorption of the incident and
scattered X-rays by the sample is considered in Section 5.3.4, concluding the descrip-

tion of the predicted scattering from a fixed angle exposure. Finally, since the incident
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angle is continuously varied during most LAXS exposures, the fixed angle prediction

is summed over all relevant incident angles in Section 5.3.5.

5.3.1 Scattering Geometry

Figure 5.1: The scattering geometry for a low angle scattering experiment is shown.
The solid red lines indicate the path of an incident and scattered X-ray, and the
dashed red line is the path of the direct beam after the sample (green rectangle).
Sample and CCD are not to scale. The sample size is 5 x 30 mm, and the sensitive
surface of the detector is about 73 x 73 mm.

The scattering geometry for a fixed angle experiment is shown in Fig. 5.1. w
is the angle of incidence, 260 is the angle between the direct and scattered beams,
and ¢ is the angle between the line p, = 0 and the scattered beam measured on
the detector. (ps,p.) is a position on the flat detector surface, and for notational
convenience the direct beam is incident upon the detector at (0,0). The incident and

outgoing wavevectors are

k= —y (5.29)

and
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kf—-%;(xsnuze)cos¢4—900ﬂ29)+—ishﬁ29)$n¢97 (5.30)

respectively, where ) is the X-ray wavelength.

The momentum transfer vector, or scattering vector, is

As the sample is rotated about the z-axis by an angle w, the projection of q along the
sample centered coordinates changes. The sample coordinates (primed) are expressed

as functions of the unrotated coordinates and w,

% =% (5.32)
y =ycosw+ zsinw (5.33)
7' = —ysinw + zcosw. (5.34)

Finally, the components of q in sample coordinates are

¢z =q-X = gcosbcos o, (5.35)
¢y =9y = q(—sinfcosw + cosfsin ¢ sinw), (5.36)
¢. = q- 7 = q(sinfsinw + cos @ sin ¢ cosw), (5.37)

and ¢ = 4mwsind/A.

In following sections, the relation between CCD space (p.,p.,w) and g-space is

required. Rewriting Egs. (5.35), (5.36), and (5.37) in terms of p,, p., and w,
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G (Ps p2) = 2;”;"” 5(;71)2) (5.38)

0y (D P2y ) = 2; _(W - 1) cosw + L= Ssmw \/5(;72)_ (5.39)

0 (Do s w) = 2; _(1 - W) sinw + = Cssw \/5(2911«79_ . (5.40)
where

8(payps) =1+ pi;pg (5.41)

and s is the sample to detector distance in units of pixels.
For small 26 (or equivalently p? + p? < s?) and w, Egs. (5.38), (5.39), and (5.40)

are approximately written

2T
x\Mxsy Mz ~ x> 542
Gs(PesD2) = P (5.42)
on [ P2 +p? pw
Ty Mz ~ | = = y 543
21
z\Vx Mz ~ TP 5.44
Q= (Pa; P w) = p (5.44)

¢: (q.) is approximately linear in p, (p,).

5.3.2 Coherence Effects @

An X-ray beam is not perfectly collimated or monochromatic. Due to angular di-
vergence and energy dispersion, an X-ray beam has a finite volume over which it is
coherent; the phases of X-rays within a coherent volume are not too dissimilar so the
X-rays interfere with each other [62]. Making the simplifying assumption of a sharp
coherence cutoff, one may conveniently define a coherence volume. If the coherent
volume is smaller than the total illuminated sample volume, then the scattering from
the sample is an incoherent sum of the scattering from coherent subvolumes. The
beam coherence volume projected onto the sample is referred as the sample coher-

ence volume. The sample coherence volume is derived and shown to be smaller than


jnagle
Sticky Note
There is a better way to treat coherence, but it will likely give insignificantly different results.  Iy would multiply the correlation functions by a fraction corresponding to the spatial decay of the photonic wavepacket. 
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the total illuminated sample volume.
The coherence of the X-ray beam is described by three coherence lengths, two
transverse and one longitudinal [62], see Fig. 5.2. The transverse coherence lengths

are related to the angular divergence of the beam

«"4

y

L

gTz <

Figure 5.2: Diagram defining transverse {1 and longitudinal &, coherence lengths of
the X-ray beam. The horizontal solid red line and arrow indicate the primary X-ray
propagation direction. &t é1., and &, are not drawn to scale.

A
> = 5.45
r A, (5.45)
A
= A4
gTz 2A’}/z7 (5 6)

where Ay, and A~, are the angular divergence of the beam in the z- and z-directions,
respectively, and A is the X-ray wavelength. The longitudinal coherence length is

related to the energy spread of the beam AN\,
)\2
L= oAN
For our experimental setup, A ~ 1.2 A, Ay, ~ Av, = 10~ rad, and AN/ A = 0.01 for
low resolution W/B,C multilayers and AX/\ ~ 10~ for high resolution double bounce
Si channel cut. Therefore, &1, & &1, &~ 6000 A and &, ~ 60 A or &, ~ 6000 A. Note,

the coherent volume of the beam is not equivalent to the coherent sample volume.

(5.47)

Sidenote

Often, the incident X-ray beam’s energy dispersion and angular divergence are consid-

ered when assessing the g-resolution of the experiment. A g-resolution function W(q) is
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commonly convoluted with the theoretical scattering intensity,

I"(q) = /dSq’ I(d)W(q-dq), (5.48)

where W(q) is assumed to be a peaked function with rapidly decaying tails [75]. Substi-
tuting I™(q) Eq. (5.28) into Eq. (5.48),

I"(q) = /d3<:1’ [IF(qz)IQSﬁD(Q)+Fa(qz)56‘3MD(q) W(q—-d). (5.49)

Finite resolution mixes |F(g.)|> and Fa(q.) with S (q) and Sowp (@), respectively.
Since |F (qz)|2 and Fa(q,) are approximately constant for Ag, similar to the width of
W(q), the effect of g-resolution is well approximated by

I*(q) ~ |F(g.)[? / B ST (@)W (a - ) + Falg:) / B SPun(@W(a - q).
(5.50)

|F(q.)|” is well-known to be a slowly varying function of ¢, [76], and based on a model,
Appendix C.1 predicts that Fa(q.) is also a slowly varying function of ¢..

Following the ideas of previous researchers [74, 75|, the integrals in Eq. (5.50) are
expressed in real space by invoking the convolution theorem. Using the Syjp-dependent

integral as a sufficient example,

/ B Shp(@W(a—q) = / ER 52, (R)W (R)e'a® (5.51)

where the convolution theorem was used and S, and W(R) are the Fourier transforms

of Syip and W(q), respectively. W(R) is a peaked function and limits the longest length
scale correlations included in the calculation of I™(q). From this perspective, W(R) has
been identified as defining a sample coherence volume [74, 75]. The rest of this Section is

devoted to a quantitative discussion of the sample coherence volume in real space.

The scattering from the sample is assumed to be the incoherent sum of scattering
from coherent subvolumes. On pp. 2746 of Ref. [74], the authors address the size of

a coherent sample volume:

“The coherence lengths can also be used to estimate the range of separation
between two points in the sample from which scattering can interfere. If

these points are separated by a distance AR, then the condition is that AR
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must be less than either both & /sina (where « is the angle between AR
and the incident beam direction) e and ko1, /qo, where ¢o is the component
of q along AR.”

The blue text indicates a different notation, and the red amendment to the original

text is motivated by an email correspondence in which Professor Sinha agreed that

s Kk
AR < Min { ,5 O—ﬂ , (5.52)
sina’ qo
similar to the conclusion stated in [48]. Min]...] returns the minimum value of its

arguments. Additionally, the same conclusion is declared in a recent publication
on which Professor Sinha is the first author [77]. & is not exactly the transverse
coherence length of the X-ray beam in the z-direction &, (see Fig. 5.2), but given
the typical experimental setup, the difference is negligible [74]. &, is the longitudinal
coherence length of the beam. AR Eq. (5.52) is utilized to derive the size of a coherent
sample volume as a function of q, the incident angle of the incoming X-rays, and the

coherence lengths of the X-ray beam.

Transverse Sample Coherence Lengths

Figure 5.3: Scattering geometry for low angle scattering experiment. The unprimed
and primed coordinates are the lab centered and sample centered coordinates, re-
spectively. The sample is the green rectangle, and its supporting substrate has been
omitted.

The scattering geometry is depicted in Fig. 5.3. In the following derivation, the
primed coordinates are the sample centered coordinates, and the unprimed coordi-

nates represent the lab reference frame. During an experiment, the beam propagates
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in the y-direction, and the sample is rotated about the x-axis. The incident wavevec-

tor is k; = kgy. The transverse sample coherence regions are determined by the

relations,
AR,. < SE (5.53)
Y* = sina
and

where AR, = |L,y' + L.Z/| is a distance in the 'z’ plane, AR, = |£,X|, and « is

the angle between AR and the incident beam direction y. Working towards a relation

for sin o,
AR, -y = AR, cosa, (5.55)

and also
AR, - y=L,y -y+ L7y (5.56)
= AR, cosa = L,cosw — L, sinw, (5.57)

where w is the angle of incidence. Solving Eq. (5.57) for sin«,

L — L sinw?
Sina:\/l—( yCOSZRyZ smw) : (5.58)

Using sina Eq. (5.58) to rewrite AR, Eq. (5.53),
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AR,, <

gTZOé —>\/(ARyz)2 — (L, cosw — L. sinw)® < &, (5.59)

sin
= Lysinw+ L, cosw < .. (5.60)

For w sufficiently small to use the small angle approximations of sine and cosine,

Lyw+ L. < Ers (5.61)

L is approximately w-independent, and £, is significantly extended for small w.

Longitudinal Sample Coherence Lengths

The longitudinal sample coherence lengths are determined by the relation,

AR < FoS (5.62)

do
Let q = ¢,X' + ¢,y + ¢.Z'. By definition ¢, is the component of q parallel to AR,

AR
D=9 xp (5.63)
= . .64
AR (5.64)
Using qo Eq. (5.64) to rewrite AR Eq. (5.62) in sample Cartesian coordinates,
k.
AR < FobL (5.65)
do
2
< — oL (5.66)
AR (|gLal| + gy Lyl + [g-L-])
2T
= (el + iyl + lanla)) < 2228 (5.67)

The & -related cut-off lengths depend on the specific part of g-space probed.

Size of Coherent Sample Volume

The extent of a coherent sample volume is defined by,
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Eyw + L, S éTz (569)
2m¢L,

(|gz L] + |Qy['y| +]g.L.]) <

N
summarizing previous conclusions. Eqs. (5.68)—(5.70) describe a volume with bound-
aries which are not perpendicular to the Cartesian axes. Additionally, the size of
the sample coherent volume in one direction is related to its size in the other two
directions.!4

A zy-slice (constant z) of the sample coherence volume is shown in Fig. 5.4.

Typically, the extent of the coherence region in the y-direction is significantly greater

than in the z-direction since |g,| < |g,|. For

2
> o (55 = lael). 5.7

the xy coherence slice transitions from a hexagon to a parallelogram. A yz-slice
(constant x) of the sample coherence volume is shown in Fig. 5.5. Typically, the
extent of the coherence region in the y-direction is significantly greater than in the

z-direction since |¢,| < |g.|. For

2
M>5C@www (5.72)

the yz coherence slice transitions from a octagon to a parallelogram.

14Eq. (5.70) provides a new insight regarding the “spikes” predicted by the currently implemented
X-ray scattering theory. The “spikes” are peaked features centered at 27h/D that extend in the g,-
direction from the centers of the Caillé peaks, especially visible for h = 1,2 (see [48] Figure 4.6, [44],
and Fig. 6.11 in this thesis). These “spikes” are not observed experimentally. The prediction of the
“spikes” is unusual because otherwise the scattering theory predicts increasingly broad features for
increasing ¢, or q,. Eq. (5.70) describes a systematic reduction of £, as a function of increasing
L, for finite ¢, and ¢,. In other words, for correlations between two points to be assessable, the
points can not be separated by both a large in-plane distance and many bilayers. The “spikes” may
be the result of simultaneously allowing both £, and £, to be large. Certainly, a narrow feature
along ¢, is impossible if correlations between only a few bilayers are considered. The “spikes” are
sufficiently weak in the typically analyzed g,-range (h > 2) that the aforementioned issue is not
further addressed.
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Figure 5.4: A xy-slice (constant z) of the coherence volume described by Egs. (5.68)-
(5.70). The colored dashed lines correspond to the colored inequalities. The yellow
region satisfies all inequalities. Beyond a certain g,-value, the yellow region transitions
from a hexagon (left-hand side) to a parallelogram (right-hand side).

G <y (75— laenl) g > oy (75— lae])
lylw + |z] < Eg"
gyl + |g-2] < ™5 — |guz]
.. \qzz\ (W_f\L || T _
: T U |q”|)

Figure 5.5: A yz-slice (constant ) of the coherence volume described by Egs. (5.68)-
(5.70). The colored dashed lines correspond to the colored inequalities. The yellow
region satisfies both inequalities. Beyond a certain ¢.-value, the yellow region transi-
tion from a octagon (left-hand side) to a parallelogram (right-hand side).
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Making several assumptions, the boundaries of the sample coherence volume are
approximated. The X-ray scattering intensity is dominated by short length scale
correlations because the pair scattering correlation function decays as a power law
for increasing correlation distances, see Eq. (5.3). Therefore, as long as the coherent
volume is sufficiently large, the X-ray scattering intensity is fairly insensitive to ex-
actly where the boundaries are placed. More formally, the conditions for boundary

insensitivity are

L,>¢=+/K./B
L, > ¢ (5.73)
L.>D.

Typical values of ¢ (the in-plane correlation length) and D are about 50 A and 60 A,
respectively.’® Since the relations in Eq. (5.73) are true for the experiments in ques-
tion, interdependence of various coherent volume sizes is neglected, and Egs. (5.68)

- (5.70) are approximated by

.l 27T§L:|
L.(q:) =~ Min &y, —=
(q ) _fT |qm|/\

-@ 277'5[j|
| w |qy| A
27T5L

L.(q,) ~Min |&r,, —=| .
(@) E W]

The relations in (5.74) overestimate the size of the sample coherence volume. For

L,(gy,w) ~ Min (5.74)

common experimental and data analysis parameter values summarized in Table 5.1,

the equations in (5.74) are simplified,

Ly~ &ra (5.75)

Ey 2 §Tz (576)
R )

Ez(‘]z) ~ Min |:€Tza C]z)\ :| . (577)

5Following simply from the relation between real- and reciprocal-spaces, the scattering at small
q is dependent on the longest length scale correlations in a sample. Consequently for sufficiently
small ¢, the measured scattering intensity is sensitive to the detailed shape of the sample coherence
volume. Therefore, the present analysis is restricted to ¢, = 27/L,.

~
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Table 5.1: Typical experimental parameter values and ranges of ¢ for analysis.

parameter [units] ‘ value
A [A] 1.2
éro [A] 6000
ér. [A] 6000
& A 60
w o[ 0« 11
¢ (A 60
lg.] [A7'] |0.01 < 0.3
la,] [A7'] | 001
¢ [A7 | 02 1.0

For ¢, > (27€L) / (€r2A), Eq. (5.75) overestimates £,. In Eq. (5.76) the g,-dependence
of £, was neglected since g, is always small, see Section 5.3.5 for a discussion of exper-
imentally assessed g,-values. Since £, > § and £, > ¢, the details of the coherence
volume boundary are not too important, and therefore, the coherence volume is ap-
proximated as a cylinder with diameter £, = Min [£,, £,] and height £,(g.).
Having completed the sample coherence volume derivation, the characteristic in-

and out-of-plane subvolume sizes can be quantitatively determined, see Sections 5.1.1
and 5.1.2. Using the derived sample coherence lengths, Egs. (5.75), (5.76), and (5.77),

£r = Min [D%"; £r] (578)
= Min[Z, L,, L,
~ Min [Z‘v ngv €Tz] (579)
and
£.(¢:) = Min [Z,, L.(q.)] (5.80)
= Min l.,%, Min {sz, %H
7\
2
— Mln |:>§/ﬂz7 5TZ7 qﬂ-z_iLj| ’ (581)
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where ., and .Z, are characteristic sample domain sizes, independent of the sample
coherence volume. Given the dependencies of Eqs. (5.79) and (5.81), the sample
subvolume distributions are more specifically written P.(L,) and P,(L.,q.). Note,
the functional forms of the distribution functions are assumed to be independent of

the domain size and the beam’s coherence lengths.

5.3.3 Beam Size Effects

X-rays scattered from different parts of the beam’s footprint on the sample strike the
detector at different places and can have the same value of q, see Fig. 5.6. Therefore,
a particular point on the CCD samples a range of g-values. First, the beam’s shape
on the detector is derived as a function of the experimental geometry. Then, the

effect of the beam’s shape on the measured intensity is discussed.

Projection of Beam-sample Footprint on Detector

Fig. 5.6 shows the scattering geometry with details concerning the beam and its
footprint on the sample. The center of the sample is the origin of the lab Cartesian
coordinate system, and the detector is described by a plane a distance s (in pixels)
away along the y-direction, y = s. The beam height b, is chosen such that b, >
Lg sin wpay, where wpay is the maximum incident angle and Lg is the width of the
sample. For typical values of Ly = 5 mm and wya &~ 11°, Lg sin wpa &~ 0.95 mm and
b, ~ 1 mm. Therefore, for all w, only part of the beam is incident on the sample;
some of the beam is above or below the sample.

Fig. 5.7 shows two different perspectives of Fig. 5.6. Importantly, the vertices of

the beam-sample footprint are defined v, through vy,

by Ly Ly .
Vi = (— ——— COS W, ——smw)
2
Vo = (—

27 2
L L )
V3:(
S LS .
vy = < , —— COSW, ——smw,),
2 2

S S .
—cosw, —sinw,
2 2
where b, is the width of the beam. The beam shape on the detector is a parallel

Y

(5.82)

s Ly .
, —Ccosw, —sinw,
2 2

oSS &

projection of the beam-sample footprint which maps v; to V; that end on the detector
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Figure 5.6: Scattering geometry for a low angle scattering experiment with details
concerning the beam. The substrate is depicted by the dark gray rectangular cuboid,
and the sample is the darker green rectangle. The beam and beam path are shown
by the red rectangles and lines. The part of the beam that would pass under the
substrate is blocked by the sample holder (not depicted). The intersection of the
beam and the bare part of the substrate is red, and the intersection with the sample
is bright green. The edges of the scattered beam are shown by the gray lines. The
projection of the beam-sample footprint on the detector is also bright green. While
the beam-sample footprint is a rectangle, see Fig. 5.7, its projection on the detector
is a parallelogram, see Fig. 5.8.

y \

Figure 5.7: Different perspectives of the scattering geometry depicted in Fig. 5.6. The
left-hand side shows a side view of the substrate (gray rectangle) and multilamellar
lipid bilayer sample (green rectangle). The thickness of the sample (10 pm) and
substrate (2 mm) are not drawn to scale. The right-hand side shows a top view of
the sample. The four white circles vy though v, label the vertices of the rectangular
beam footprint on the sample.
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y = s plane. Given a central pixel for the scattered beam on the detector (p.,p.),
the direction of the parallel projection is along d = (psp., S, psp.), where p; is the
size in millimeters of 1 pixel, 0.07113 mm/pixel for the FLIcam, and S = pgs. V; is
expressed by

V= vi 4 td (5.83)
= (Uia: + tpspxa Uiy + tS, Viz + tpspz) ) (584)

where ¢ is a scalar determined by requiring that V; ends on the detector,

Viy=vy +tS =8 (5.85)
v

t=1-— -2 5.86

= 3 (5.86)

The parallel projection is compactly expressed as a matrix equation,

PVl =VT, (5.87)

where Vv indicates v expressed in homogeneous coordinates, v = (v, vy,v,) = V =

(v, vy, v;, 1) and

_p:v/s 0 Pz
0 0 s

=
kel
Il

(5.88)
—pZ/S L p.

0 0 1

o o O

Using Egs. (5.82) and (5.87) and converting back to standard Cartesian coordinates

from homogeneous coordinates
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b.’ﬂ ggLS LS . zH~s
V.= <——+pspx+p cosw, §, —— sinw +pspz+p Cosw>
2 2s 2 2s
bx :ELS S . zZ-s
Vy, = <—— + PsPz — p cosw, S, —sinw + pgp, — cosw)
2 2s 2 2s
(5.89)
v ( by n PaLs s Lsg n psLs )
= — Pz — cosw, &, —sinw Pz — —— COSwW
3 9 bsp 9 9 bsp 95
bm :ELS LS . zH~s
V= < ——|—pspx+p cosw, S, ——smw+pspz+p cosw)
2 2s 2 2s
N Vi
pz :- ----- . ----- , ------A- ------- ,
' bx '
- >,
: o |0
: (Pz: p2)
Vs O
@ ®------
>
Pz

Figure 5.8: The beam-sample footprint projected onto the detector is depicted by the
green parallelogram.

All V; in Eq. (5.89) end on the detector since V; , = S, and the ends of V; describe
a parallelogram, see Fig. 5.8. Approximating the parallelogram as a rectangle, the

width and height of the projected beam on the detector are

=b, + PeLs cosw
CCLS
~ b, + 2 (5.91)

and for p, > stanw
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V.(p.,w) = Vi, — Vs, (5.92)
ZLS .
_ Dats cosw — Lgsinw
s
2L
~ s (5.93)
s

respectively, using w > 0°. For given p,, the maximum value of w before the substrate

blocks the scattering from the sample is

we(p2) = tan™" (p./s) (5.94)

(see Fig. 5.11), and therefore 0, > 0. b, (p.) Eq. (5.91) and ¥, (p,,w) Eq. (5.93)
are plotted in Figs. 5.9 and 5.10, respectively. Previously, the geometric broaden-
ing in the p,-direction was assumed to be constant (independent of p,), and only
the p, dependence of the vertical geometric broadening was considered (not the w-

dependence) [48]. Now, the geometric broadening is dependent on p,, p,, and w.

[pixels]

/
T

3_... = -

0 50 100 150 4 200 250 300
Dz

Figure 5.9: b (p.) Eq. (5.91) is plotted for b, = 3 pixels, Ly = 5 mm, and s = (365
mm) /(0.07113 mm/pixel). ¥/, increases by about a factor of 2 in the p, range of
interest.
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1000 [pixels]

800

600

::5

22

0

Figure 5.10: V. (p,,w) Eq. (5.93) is plotted for Ly = 5 mm and s =~ 5131 pixels.
The triangular (w, p,)-region patterned with red diagonal lines is not experimentally
accessible because the substrate blocks the outgoing scattering, see Fig. 5.11. The
cyan line indicates the p. position of the specular scattering as a function of w,
p. = stan (2w). The boundary between grayscale and diagonally patterned lines is
described by p, = stanw. For fixed w, b, significantly increases as a function of p,.
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Measured Intensity Considering Beam Size: [&-p

Using b, (p.) Eq. (5.91) and ¥, (p.,w) Eq. (5.93), the beam projected onto the detector

with central pixel (p,,p.) is modeled as a product of two Gaussians,

B (P, Pus D2y P2y w) = By (Pa, p2) B (P, pz,w) (5.95)
where
By (5rps) = ——oxp (=) (5.96)
v 2102(p,) 202 (p.)
~ 1 (pz_ﬁz)2
B, (o, poyw) = —————exp{ — 2 LE 5.97
(P2 2, w) o) p{ 20200 0) (5.97)
v, (p:r)
+(Pz) = — 5.98
02(p2) T (5.98)
v, (ps,
0. (pa,w) = Z(i—p:"), (5.99)
where
T =2v2In2 ~ 2.3548 (5.100)

converts from the full-width half maximum (FWHM) of a Gaussian to one standard
deviation. Using B Eq. (5.95) the theoretical scattering intensity on the detector

B .

IgCD(p:mpmw) E/dﬁx Bw(ﬁ:mpm)/dﬁz Bz(ﬁzapmw)[m(ﬁxvﬁzaw) (5101)

I™ is the predicted scattering intensity considering mosaicity, see Section 5.2.

Since the scattering theory is more conveniently expressed in terms of q, I&qp
Eq. (5.101) is rewritten. For small 20 and w, ¢. (¢.) is approximately linear in p,
(pz), see Egs. (5.42) and (5.44), and therefore, Eq. (5.101) is approximately expressed

as
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[CBCD(pxapzaw) ~ IgCD(qzaqzaw) (5102)
As\” . . _ _ - . -
(5.103)
where
~ 1 (‘Jm - Q~m)2
B, (Gz,q:) = —————ex —_ 5.104
(Ge» 4a) TEEIOM) p{ 262002 (5.104)
~ 1 (QZ - qz)z
B.(q.,q.,w) = Xp{ ——— 5.105
(Gz+ ¢zy ) CTEE IO p{ 26700, ) (5.105)
- 1 (27
. Ly 2T
Uz(Qzaw) = TS (q,z - TW> (5107)
A
0y(4s: 4=y W) & — (2 +¢2) + qw. (5.108)

Eq. (5.108) is the result of substituting Eqs. (5.42) and (5.44) into Eq. (5.43). Since
the intensity is not measured on an absolute scale, the prefactor in Eq. (5.103) is

neglected.

Following the numerical analysis of the tilt-independent theory [48], the ¢.-dependent
integral is completed analytically assuming that |F (qz)]2 is locally constant on the
scale of the beam height. The effect of beam shape on the scattering intensity is
evaluated using Syip, Eq. (5.28). By analogy, the result for Fa(q.)Sg\p(a) Eq. (5.28)
is deduced at the end, see Eq. (5.118).

Substituting Siy(q), see Egs. (5.28) and (5.14), into I§.p Eq. (5.103),
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IgCD,l (qx, 4z, w)

N / G Bo(dr 42) / A Bodo, g0 |F (@) St (@) (5.109)

= Z,/d'f’/ de Bx(@r;%)rHr(r)
=0 o

/ d. B.(Go, 4y @) [F(@)]* Tm(@r) Ho (5D, @.) cos (jDG.) e~ 2"t (5.110)

o0

where

G (s Gor) = @ + @ (G G2, ) (5.111)

and

Ja(@r) = | Jolarr) * Pular)| (@). (5.112)

Since B. is narrow in ¢, compared to H.(jD,q.), |F(¢.)|°, and 4y(Gz, @z, w), the ¢-

dependence of the aforementioned functions is replaced by ¢.,

OO/
oG o) ~ [F(g)? S / dr Ty (7, w0, o, 02)
7=0
o0 R 2
Re [ / dg. Bz<qz,qz,w>eZﬂqu6‘2’”“”“)}, (5.113)

where Rel...] returns the real part of its argument and

105900002 = [ A Bl a2 )rHo(rV o (V2 0300 0200) 1) HGD, )
(5.114)

Completing the ¢,-dependent integral in Eq. (5.113) analytically,
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dz)

(P,f T ]’w Qz = z]DQz h (Pﬁr)e QO'ZZ(qz w)] (5'115)

dg.

\/27T02 (q.,w / 1
1 _2h; — j2D% 2} ( 4.jD )

= ex L 25 cos | ——— ). (5.116

VIt ho p{ 2(1+ h;52) T+ hsz) 16

Substituting 75 Eq. (5.116) into IGcp, Eq. (5.113)

ady
[(]?CDJ(QJHQMW) R ’F<QZ)|2 Z /dT’ Tl(rajaw7QI7qZ) T2(ﬂ> ga Taja“an)' (5117)

The analogous result to I8, Eq. (5.117) involving Fa(g:)Sgyp(q) is

I8cp 2 (Gas @25 w) =~ Fa(gs Z@o/dr‘ Ty(r, j,w, ur 4=) Ta(p, £, 7, j,w, q2). (5.118)

5.3.4 Absorption Correction

Incident and scattered X-rays are attenuated by the sample. Also, scattering to
different parts of the detector travel different path lengths within the sample. An
absorption correction for low angle scattering as a function of p, and w has been
previously derived [50]. The p,-dependence is neglected since the X-ray path within
the sample is nearly in the yz-plane for low angle scattering.

The absorption factor is, see Eq. (28) in [50],

1 —exp {—tjg(w,pz)}

g(w, p-)

Alw,p,) = tﬁ : (5.119)
where

1 1
Snw | sin [tan~1(p./s) — w]’

g(w,p:) = (5.120)

w is the X-ray absorption length in the sample, and ¢ is the sample thickness. Using
I8cp1 Eq. (5.117) and I8y, , Eq. (5.118), the prediction for a fixed angle exposure is
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IéCD(Q;u 4z, w) = A[W7PZ<Qx7 4z, w)] [[gCDJ(QM 4z, w) + [CBCDQ(QI’ 4z, LU)} : (5121)

5.3.5 CCD Integral

During an X-ray exposure, the incident angle w was continuously varied by rotating
the sample. The aforementioned effect is quantified by integrating the predicted fixed
angle intensity I8 Eq. (5.121) over the appropriate w-values to give the final (F)
theoretical intensity on the CCD,

wc(pz)
IgCD<p:papz) = /0 dw IéCD<pw7p27w)7 (5122>

where 0 and wc(p,) are the minimum and maximum incident angle, respectively, for
which scattering from the sample to a given p.-height on the detector is not blocked
by the substrate, see Fig. 5.11,

wa(p,) = tan™? (Zk) . (5.123)

P

Figure 5.11: Scattering geometry describing the maximum substrate rotation angle
w before scattering from the sample (green rectangle) at pixel p, is blocked by the
substrate (gray rectangle). The red solid and dashed lines show the beam path
without a sample. The thickness of the sample (10 pum) and substrate (1 mm) are
not drawn to scale.

As written, I&-p Eq. (5.122) is awkward to calculate since the scattering intensity
is more conveniently expressed in terms of q. In the following derivation, the right-

hand side of Eq. (5.122) is written and evaluated as a function of q. In order to
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proceed, several approximations regarding the transformation between (p,, p.,w) and
(¢x, 9y, q-) are discussed.
Egs. (5.38), (5.39), and (5.40) describe the relationship between (p,,p.,w) and

(¢, 9y, q-) and are reproduced below for convenience:

2T Pg 1

Gz (Pas P2) = (5.124)
AS \/0(pa, p-)
2m 1 P, sinw 1
Gy (P2, P2y w) = — || —=—=—=—1]cosw + (5.125)
’ A ( 0(pa, p2) ) s \/0(pa;p2)
2T 1 ) D~ COSW 1
@ (pe, Py w) = — || 1 = —=—= | sinw + . (5.126)
A ( 5(px,pz)> S \/0(parp:)

For a given pixel coordinate (p,,p.), varying w describes a g-space trajectory which
is a function of g, and ¢, in a plane of constant q¢,. I&qp in Eq. (5.122) is expressed

as

WC(pz)
e (pasps) = / Ao T (e (Pos P2, 6o (P s )] (5.127)
0

The p,- and w-dependences of ¢, complicate the evaluation of Eq. (5.127). There-

fore, q.(ps, p.,w) is approximated,'6

4 1 X
0= (D, P2y w) = €3 (p2) = Tﬂ sin {5 fan~! (%)} (5.128)
= [0, p, we(p-)/2]. (5.129)
To establish the approximation in Eq. (5.128),
C(Po: p2rw) = @ (po p2rw) — € (p2) (5.130)

is plotted in Figs. 5.12 and 5.13 for p, = 0 and p, = 300, respectively. The narrowest

6Eq. (5.128) is further modified to correct for the difference in index of refraction between air
and lipids following an Appendix in [48], but this makes negligible difference for the range ¢, >
0.2 A= typically analyzed.
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q. features are the Caillé peaks on the meridian (p, = 0) whose FWHM increase with
increasing peak index [41, 42, 43]. The first peak width can be less than 5x 1073 A1
depending on the sample properties and the coherence of the incident beam, but
higher index peaks are considerably broader. For reference, the height of 1 pixel is
about 27/(\s) ~ 103 A1, given the typical experimental geometry. ¢ is a worse
approximation for increasing p, (see Fig. 5.13), but no narrow ¢, features for large p,
and p, are predicted. Therefore, ¢¥(p.) is an adequate approximation for ¢, (ps, p.,w)
< 600 which limits the p,-range for the

~Y

since |¢f| <1 x 1072 A= for p, = 0 and p,
7

structure factor analysis.!

qi x 1073
[ [AT]

-IO
-1
L 2

1000

800
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Figure 5.12: ¢}(0, p.,w) Eq. (5.130) is plotted for A = 1.17 A, p, = 0.07113 mm /pixel,
and § = 365 mm. The triangular (w, p,)-region patterned with red diagonal lines is
not experimentally accessible because the substrate blocks the outgoing scattering.
The cyan line indicates the p, position of the specular scattering as a function of w.

Substituting ¢ Eq. (5.128) into I&-p Eq. (5.127),

wc(pz)
[gCD<p:rapz) %/ dw [(Ach [qgc(pxapz)7qz(pz)>w . (5131)
0

Eq. (5.131) is further approximated by neglecting the p,-dependence of ¢, (p., p.),

TFor p, > 600, the measured |F(g.)|” is an average over nearby |F(p.)|*-values.
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gt x 1073

O e
0 2 4 6 8 10

w [°]
Figure 5.13: ¢}(300,p.,w) Eq. (5.130) is plotted for A = 1.17 A, p, = 0.07113
mm/pixel, and § = 365 mm.

we(gz)
ch:CD(Psz)“/ dw I¢ap [45(pe), €& (p2), w] (5.132)
0
where
. 2T 1 (DPa
¢:(ps) = = sin [tan (-)] . (5.133)
A S
In Fig. 5.14,
04 (Par D=) = 6o (Par 1:) — 4 (p2) (5.134)

is plotted. |gi(ps,p.)| varies by less than 6 x 1073 A1, Note that a difference of 1
pixel corresponds to a change in ¢, of about 1072 A~!. Since no narrow g, features

away from p, = 0 are predicted, ¢} is a reasonable approximation.



Chapter 5. Predicted Experimental Scattering Intensity 100

1000

800

600

P-

400

200

0 50 100 150 200 250 300

Figure 5.14: ¢} (p.,p.) Eq. (5.134) is plotted for A = 1.17 A, p, = 0.07113 mm /pixel,
and S = 365 mm. ¢,(p.,p.) is better approximated by ¢%(p.) for p, = 0 as compared
to p, = 300.
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5.4 Calculating the Final Structure Factor

Substituting I&-p Eq. (5.121) into I&-p Eq. (5.132) yields a final relation for the

scattering intensity,

I8cp (Pay 02) = Iep @5 (02), € (02)] + Iocp 21 (p2) . €& ()] (5.135)

where

(qac_%:)z
we 0o ~ exp{— 25%(%)}
ol a:) = 1F@)F / W A ar) [ dg—p T
0 —00 x\Yz

/0 dr rH,( <\/qm+qy (Gr> @25 w) )
' H.(jD, q.) ¢:h; — j*D*a?2 q-jD
_IZ ) (5136
Z N { s+ e J S\ irne) G130

and I&qp 5(¢e, ¢-) follows by analogy from Eq. (5.136), replacing |F(q.)” by Falg.)

/
and introducing d;( after Z . Note, the dependences of several functions were not
written explicitly in Eq. (5.136): hj(p,l,7), 6.(q.,w), and wec(p.).

To further simplify the calculation of I&qp, 6.(q.,w) is approximated,

6Z(QZ: w) ~ 5: [QZa wC(QZ)/Q] : (5'137)

g% = 0, for scattering along the meridian (g. = 0) so the ¢, heights of the Caillé
peaks are correctly broadened within the aforementioned approximation. For pixels
off the meridian, the correct geometrically broadened beam height is a function of
w. Because a particular (g, q,) pair is accessible for an increasingly large range of
w-values for increasing ¢,, o is an increasingly poor approximation for increasing g,.
Nevertheless, 7 is reasonable since no narrow ¢, features far from the meridian are
predicted.

Additionally, the w-dependent integral is rewritten in terms of ¢, to more easily

interface with previous work [48]. Differentiating g, (¢, g,,w) Eq. (5.108) with respect
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to w,

gy

pr— .1
s, (5.139)
= Ow = aqq@’. (5.139)

The factor of ¢, in the denominator of Eq. (5.139) is the standard Lorentz factor for
oriented samples. Substituting Eq. (5.139) into I&qp, Eq. (5.136),

(QI*QZ)Q
F(g)f? [ ~ o { -]
1P(g)” dg, A[W(Qx7Qy7QZ)7QZ]/ dg. '

4 qy,1b - 27T5—{% (qfr)

/ dr rH,(r) Jm <\/QN§ +q2 7“) :
0
/H ]D QZ h _]2D2 2 QZ]D
—_— 14
Z,/1+hg2 { 2(1+ hjo?) €08 1+ h;o? (5.140)

IgCD,l (€2, 42) =

where

1

(%:7 Qy, QZ ~ — |: (C]x + qz)] s (5.141)
A

Gy (de: 4:) = = (2 +42), (5.142)
A

Gy (des4) = =7~ (@ + 02) + g:wo(a), (5.143)

Aq.
.) ~ tan” ' : 5.144
wolar) ~ tant (55 (5.144)

and again, I{cp 5(qz ¢:) follows by analogy.

Previous work [48] neglected the g,-dependence of the g,-integration limits, as-
suming g, > ¢,. Fig. 5.15 shows the derived g, integration limits. For comparison,
the previous g,-independent integration limits would be horizontal lines in Fig. 5.15,
overlapping the depicted limits at ¢, = 0. The ¢, integration range increases for
increasing ¢q.. Most importantly, the g, integration range does not include ¢, = 0

at sufficiently large ¢,. For instance, see the pair of solid black lines in Fig. 5.15.
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The g,-dependence of the CCD integral’s limits is emphasized when comparing the

predictions of structure factors expressed in Cartesian vs. cylindrical coordinates, see

Appendix B.
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Figure 5.15: The CCD integral g,-limits as a function of ¢, at various ¢, values (as
shown in the legend). The pairs of lines depict upper and lower limits. The red
dashed line is a guide to the eye to emphasize the ¢,-dependence.

Ifcp,; are nontrivial to numerically evaluate because of the several nested integrals.

Following previous work [48], Ifp ; is expressed in a more computationally convenient

form,
1 H,( jD q.) qghj —i—jQDQ&f q.7D
» - — —_— 5.145
(P 4:) Z \/m { 2(1+ h;5:?) €08 1+ hjoz? ( )
Fol 02) = / dr +H, () T f1 (0.22) (5.146)
0
4dy,ub
f3<q:qu) E/ dq?; A[ (Qm7Qy7QZ q: f2 (\/ qy,q,z) (5147)
dy,1b
qx —qx
F(q. 2 oo exp{ 2023:}
I8cpa(@e,q:) = M/ dga o) f3(Gz» qz) (5.148)
z —o00 2162(q,)
F(q.|”
E’ ; ‘ SECD,l(Q:sz)' (5149)
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In turn, each f; is evaluated and the results tabled to be later interpolated when
evaluating f;,;. The aforementioned methodology significantly reduces the number
of times fi, fo, and f3 are evaluated as compared to a naive evaluation of IgCD’l
Eq. (5.136). For similar equations derived and used in previous work, see the Section
“Cache the curves” pp. 65-66 in Dr. Liu’s thesis [48]. Note, if | F(g.)|” is replaced by
Fa(q.) and 6, is introduced after Z,, the resulting modified f; efficiently calculate

F
ICCD,27

= . H.(jD,q. ¢*h; + j2D?512 q.jD
filpq:) = Z 950 ( ) {— 2 Ccos

——————ex _ e
=0 \/ 1 + h]’5:2 2 (1 + hjU;kQ) 1 + th';&
(5.150)
FA(QZ)
Iop (s 4=) = St ¢z). (5.151)

z

The theoretical prediction for the measured scattering intensity is

F(q.))? Fal(q:
I [0 (ps), 4-(p2)] = | (q W (@) + 28 e ) (5.152)
== Im (pﬂmpz) - C<pz)a (5153)

where I, (pz,p.) is the measured scattering intensity and ¢(p,) models remaining
background scattering. The approximate relations between g-space and CCD-space
were presented earlier, see Eq. (5.128) and Eq. (5.133). While predictions for Sfcp
and S¢cp, have been derived, both F(g.) and Fa(q.) are unknown functions, if

possible determined by analyzing data.



Chapter 6

Survey of Predicted Structure

Factors

Before fitting measured scattering intensity, many attributes of the experimental
structure factors, SEep, Eq. (5.149) and Sfep, Eq. (5.151), are highlighted in an
effort to reduce the number of model parameters and constrain parameter values.
S€epa and SEqp 5 are functions of many parameters, see Table 6.1 for typical values.
Except for { K., B, Ky, %, %£., a}, all other parameter values are either known a pri-
ori or evaluated prior to the structure factor analysis. {K,, B, .%,, .£.} are familiar
from the tilt-independent model [48]; { Ky, a} are new parameters.

First, the sensitivity of SgCDJ to the six primary structure factor parameters { K,
B, Ky, %,, %,, a} is established in Section 6.1. Anticipating later results, SgCDQ is
ignored and only exponential subvolume distribution functions are considered. The
moduli K., Ky, and B are the primary material descriptors of the model stacked
membrane system. In Section 6.1.1, it is shown that each modulus affects Sqp ,
significantly and differently, and therefore, it is plausible that all three moduli can
be determined by fitting experimental data. %, and .Z, are characteristic domain
dimensions, and in Sections 6.1.2 and 6.1.3, S¢¢p ; is shown to be fairly insensitive to
values of both %, and .Z, in the chosen fitting region. The a parameter limits short
in-plane correlations, and S¢cp ; as a function of a is discussed in Section 6.1.4.

Gaussian and exponential subvolume distributions are compared in Section 6.2. It
is established that the two functions predict similar SgCDJ, and therefore, to minimize
the number of model parameters, exponential distributions are employed. Then in

Section 6.3, the extent to which finite sized domains are quantitatively described by

105
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the derived infinite sized domain height-height correlation function is investigated,
and minimum reasonable values of ., and .Z, are forwarded. Finally, S¢cp, and
Stcp,2 are compared in Section 6.4.

The relevant regions of S¢cp ;(¢e,q:) and SEep o(de: =) are determined by the
the measured and analyzed q,, q.-regions. Fig. 6.1 shows a typical detector expo-
sure and corresponding commonly analyzed g, ¢.-region (0.01 < ¢, < 0.22 A1 and
0.3 < ¢. <0.6 A~'). The analyzed q,, ¢.-region is primarily dictated by where the
measured intensity is significant.'® The lower bound of the g,-range is greater than
zero for several reasons. First, the predicted scattering intensity neglects the specular
scattering from the substrate, known to be significant near ¢, = 0 along ¢,. Second,
the predicted scattering intensity is increasingly dependent on long length scale phe-
nomena for decreasing |¢,|. The measured and predicted intensity are compared over
a ¢ -range which will be shown to be sensitive to the most important parameters { K,
B, Ky} and nearly insensitive to the less important long length scale parameters {.%,,
Z.}.

Unless otherwise stated, the parameter values used to plot S¢gp, and Sgep
in this chapter are listed in Table 6.1. Since |F(g.)]> and Fa(g.) are unknown,
S(F;CDvl(qz,qz) parameter values are primarily determined by the ¢,-dependence of
S&cpa- Therefore, SEqp , is often plotted as a function of ¢, for several representa-
tive g,-values, and these curves are normalized at ¢, = 0.01 A~' to emphasize the
¢.-dependence for larger ¢,. Fig. 6.2 shows SgCDJ for the parameter values listed
in Table 6.1. Because of the out-of-plane periodicity of the stacked bilayer sam-
ple, Sep,y for ¢z = 0 is a local maximum at ¢. = 27h/D and a local minimum
near q, = 2m (h + %) /D, where the whole number h indexes the peaks. SECDJ as a
function of ¢, is often plotted at g.-values that correspond to the h = 3 peak and
halfway between the h = 3 and h = 4 peaks (0.3 A~! and 0.35 A~', respectively,
for D = 207 A) These q.-values are representative in the sense that they are the
center (2rh/D) and boundary (27 (h+ 1) /D) of a Brillouin Zone. Additionally,
¢ = 0.3 A= and 0.35 A~! correspond to the most intense data within the commonly

analyzed region.

18The bilayer scattering for ¢, < 0.2 A~! is known to be strong but is not commonly analyzed
because of outstanding issues [48].
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Figure 6.1: The background subtracted scattering intensity from a stack of DOPC
bilayers is shown. The beam stop covers the region defined by ¢. < 0.2 A~! and
¢» < 0.08 A=, Intensity is indicated by the linear grayscale. The red pixels indicate
intensity less than zero. The predicted theoretical intensity is fitted to measured data
within the cyan rectangle (0.01 < ¢, < 0.22 A~ and 0.3 < ¢. < 0.6 A~'). This
chapter demonstrates why these are the data that are fitted to obtain mechanical
moduli.
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Table 6.1: Default parameter values used to calculate examples of Step ; and S¢ep

parameter [units] value description
_ K. ergs] 8 x 107" | bending modulus
*qg) B [ergs/cm?] | 1 x 10" | bulk modulus
= Ky mN/m] 95 tilt modulus
? Z, [A] 5000 characteristic domain diameter
'% Z. [A] 10D characteristic domain height
a [A] 12 shortest in-plane length
D [A] 62.8 out-of-plane repeat distance
T °C] 30 temperature
. L [mm] 5 sample length along beam
EL ts [pm)] 10 sample thickness
< Y [°] 0 FWHM of mosaicity distribution
1 [mm] 2.6 1/e X-ray absorption length in sample
€ 0.999998 | index of refraction
A [A] 1.175 | X-ray wavelength
~ S [mm] 360 sample to detector distance
s Ds [mm/pixel] | 0.07113 | pixel size
g by [pixels] 2.3 beam width on CCD in z-direction
§ AN/ 0.0134 | energy dispersion
© Ay, 1 x 107* | beam angular divergence in z-direction
A~y, 1 x 107* | beam angular divergence in z-direction
é ETa [A] 6000 transverse beam coherence along X
5 Ers [A] 6000 transverse beam coherence along z
@ L [A] 44 longitudinal beam coherence
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Figure 6.2: SgCD,l is shown using a logarithmic grayscale for the parameter values in
Table 6.1. The peaks along ¢, centered at ¢, = 0 correspond to the repeat out-of-plane
distance. The peaks are decreasingly apparent for increasing ¢, primarily because of
bilayer midplane fluctuations. For constant ¢., S¢p , decays for increasing |q,|.



Chapter 6. Survey of Predicted Structure Factors 110

6.1 Primary Structure Factor Parameters

First in Section 6.1.1, SECDJ(%, q.) is investigated as a function of varying the values
of K., B, and Ky. Then in Sections 6.1.2 and 6.1.3, the sensitivity of SgCDJ on the

values of the characteristic sample domain lengths ., and .%, is demonstrated.

6.1.1 K., B, and Ky

Fig. 6.3 shows SgCDJ(qx, ¢.) as a function of ¢, for various values of K.. As K, in-
creases, SgCDJ monotonically decreases for all nonzero ¢,-values. For ¢, = 27 (h + %) /D,
SEap, decays less rapidly than when ¢, = 2wh/D or ¢, = 2x(h+1)/D [44].

SEcpy [arb. scale]

B
T

=
S,
T

107
E | RS S T S |

0.05 0.10 .15
dx [A_l]

|

0.20

Figure 6.3: S&cp, is plotted as a function of ¢, for various K-values. The curves

have been normalized at ¢, = 0.01 A=, and additionally, the solid lines are vertically
offset by 107! to improve visibility. See Table 6.1 for parameter values.

Fig. 6.4 shows Sfcp ; as a function of ¢, for various values of B. For ¢, = 0.3 A
increasing B affects SgCDJ similarly to increasing K. in Fig. 6.3. However, increasing
B increases S¢cp ; for q. = 0.35 A=1 (see Fig. 6.4), opposite to the effect of increasing
K.. Therefore, values of both K. and B are determined by fitting the experimental

data as a function of both ¢, and ¢,, as was emphasized in earlier work [44].
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Figure 6.4: Sfcp , is plotted as a function of g, for various B-values. The curves have
been normalized at ¢, = 0.01 A=, and the solid lines are vertically offset by 107!

Fig. 6.5 shows SgCD,l as a function of ¢, for various values of Ky. The Ky = oo
curve is the tilt-independent prediction. As Ky increases, SgCDJ more rapidly decays,
qualitatively similar to increasing K.. Importantly, modifying Ky primarily affects
SEepa for gz > 0.05 A~1 as expected since tilt is related to shorter length scales than
undulations. A tilt-dependent model is required to increase the predicted SgCDJ at
larger ¢, without significantly altering S(F]CD’1 at smaller ¢,. Finally, since K., B, and
Ky uniquely influence the experimental structure factor within the typically analyzed

4z, q-.-region, the values of all three moduli should be quantifiable.



Chapter 6. Survey of Predicted Structure Factors 112

T T T
Lol

T T T
Lol

T T
L1l

SEcp, [arb. scale]

=
S,
o

T T
Lol

10

T
sl

0.00 0.05 0.10 0.15 0.20

Figure 6.5: Sfqp, is plotted as a function of ¢, for various Kg-values. The curves
have been normalized at ¢, = 0.01 A~
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6.1.2 %

%, was first introduced in Section 5.1 and describes the characteristic in-plane do-
main size. The value of %, is compared to the appropriate beam coherence lengths
projected onto the sample {£,, £,} to determine the characteristic in-plane size £,

of the subvolume distribution function, see Section 5.3.2,

£, =Min|[L,, L,, 2]
~ Min [€1g, &1z, L] - (6.1)

The values of &1, and &1, are known and related to the experimentally determined
beam angular divergence. In contrast, the value of %, is unknown. Importantly given
Eq. (6.1), S¢cp,, is independent of .Z, for all values of .Z, greater than both {r, and
&t for the values listed in Table 6.1, the effective maximum of %, is nearly the same
as &rp = &1, ~ 6000 A. Fig. 6.6 shows SECD,I as a function of ¢, for %, = 600 A and
%, = &1y The curves become increasingly similar for increasing ¢, comparing solid
(¢ = 0 A=) and dashed (g, = 0.01 A=") lines. Fig. 6.7 shows SEcp, as a function
of g, at two ¢.-values. %, is most influential at small ¢, and ¢,. For increasing .%,,
intensity is shifted towards ¢, = 0, making the peaks narrower in ¢,. In the typically
analyzed ¢, ¢.-region, the precise value of %, does not significantly affect SgCD,l'
Fitting results presented in Section 7.2 further address the extent to which %, is a

necessary model parameter.
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Scpa [arb. scale]

Figure 6.6: SEop ;1 (¢e, ¢-) is plotted as a function of ¢, for £, = 600 Aand & =&, ~

6000 A. The curves have been normalized at ¢, = 1 A~'. Beyond ¢, ~ 0.55 A~! the
curves continue to converge.
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Figure 6.7: SgCDvl(qx, q.) is plotted as a function of ¢, for £, = 600 Aand 6000 A. The

curves have been normalized at ¢, = 0.2 A~'. The vertical gray dashed-dotted line
indicates the typical smallest analyzed g,-value, see Fig. 6.1. Beyond ¢, ~ 0.1 A~! the
curves continue to converge.
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6.1.3 .Z.

%, was first introduced in Section 5.1 and describes the characteristic out-of-plane
domain size. The value of .Z, is compared to the appropriate beam coherence lengths
projected onto the sample to determine the characteristic out-of-plane size £, of the

subvolume distribution function, see Section 5.3.2,

27T€L

£, = Mi Zy T N
in [fT )

,zz} . (6.2
The values of &, and &, are experimentally determined and are fixed input values
to the fitting program. However, the value of £, is unknown. Importantly, given
Eq. (6.2) and the parameter values in Table 6.1, all .Z,-values greater than about
800 A are effectively equivalent, given the typical ¢,-range for structure factor analysis
(see Fig. 6.1).

Fig. 6.8 shows Sfp, as a function of ¢, for £, = 400 A and 800 A. The curves
become increasingly similar for increasing ¢, comparing solid (¢, = 0 A~') and
dashed (g, = 0.01 A1) lines. Fig. 6.9 shows S€epa as a function of ¢, for two g.-
values. .Z, is most influential at small ¢, and ¢,; increasing .Z, primarily narrows the
peaks in q,.

SSCDJ as a function of g, is fairly insensitive to .Z, in the commonly analyzed
Gz, ¢--region. To reduce the number of model parameters, the appropriate coherence
lengths, £, and &, can be assumed to determine the limiting out-of-plane correlation
lengths if .7, is fixed such that £, > &r, and &, > (27w&1)/(¢.A\). Within the
aforementioned procedure, £, will be ¢.-dependent, varying monotonically from about
800 A to 400 A for 0.3 A=! < ¢, < 0.6 A=, In the commonly analyzed q,, ¢.-region,
the precise value of .Z, does not significantly influence Sf¢p, ;. The extent to which
%, is a necessary model parameter is further evaluated by fitting the experimental

data, see Section 7.2.
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Figure 6.8: SgCDJ(qx, q.) is plotted as a function of ¢, for .2, = 400 A and 800 A.
The curves have been normalized at ¢, = 1 A~!. Beyond ¢, ~ 0.55 A~! the curves

continue to converge.
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Figure 6.9: SgCDyl(ql«, ¢.) is plotted as a function of ¢, for .2, = 400 A and 800 A.

The curves have been normalized at ¢, = 0.2 A~!. Beyond ¢, ~ 0.1 A~! the curves
continue to converge.
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6.1.4 Minimum In-plane Length: a

7/a is the longest considered in-plane mode, see Eq. (3.70). Fig. 6.10 shows SECD,1
as a function of ¢, for various values of a. For ¢, 2 7/a, SECDJ decays precipitously.
Since a finite g,-range is probed experimentally, only an upper bound on a can be
determined if @ < /¢y max, Where ¢ max i the maximum g¢,-value with analyzable
intensity. Typically, ¢z max ~ 0.2 A-1, and therefore the smallest determinable value
of a is about 16 A. For a < 16 A, the precise value of a is of little concern for the
quantification of { K., B, Ky, Z,, Z.} because in the g,-direction a only significantly
affects S(}’;CD1 for the largest typically analyzed ¢,-values.
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Figure 6.10: Sfcp, as a function of g, is plotted for various a-values. The curves
have been normalized at ¢, = 0.01 A~!.

The more significant concern regarding the uncertainty in the value of a (Aa) is
its influence on |F' (qz)IZ, and consequently, the ¢,-dependence of SECD,1 is explored
as a function of a. Commonly, |F(g.)|” is determined using data between ¢, ~
0.03 A=! and ¢, ~ 0.13 A~! [48]. Therefore, St is plotted as a function of ¢, for
¢z = 0.08 A=' (about 80 pixels from the meridian) in Fig. 6.11. For increasing a,

SECDJ increases more rapidly as a function of ¢, but only significantly so for larger
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q.. Aa is of little concern for determining {K., B, Ky, %, £.} because a hardly
affects Sfop, for ¢. < 0.6 A=t However, since the product |F(q.)|* SEcp1(gs, ¢) is
fixed by the measured scattering intensity, the uncertainty of SgCD’1 at higher ¢, due
to Aa leads to uncertainty in |F|*.

The uncertainty in S¢cp, (or equivalently |F|?*) can be semi-quantitatively as-
sessed using an approximate theoretical relation, see Appendix D.1. Using the ap-
proximate relation, the a = 12 A and @ = 16 A curves in Fig. 6.11 have been scaled to
match a = 8 A, collapsing the curves for most of the presented ¢,-range (see dashed
lines in Fig. 6.11). Therefore, even if the value of a is unknown, the approximate
theoretical relation can be used to estimate the uncertainty in S¢qp,, or more im-
portantly |F|?. To emphasize the a-dependence of the curves, the a = 12 A and
a =16 A curves are divided by the a = 8 A curve and plotted in Fig. 6.12. If only an
upper bound on a can be established using the intensity decay in the ¢,-direction, the
magnitude of |F (qz)|2 is considerably uncertain for ¢, > 0.5 A~'. The uncertainty
in |F(¢.)]> due to Aa can be estimated using the approximate theoretical scaling

relation.
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Figure 6.11: S&cp1(¢s,¢:) as a function of ¢, for ¢, = 0.08 A~! is plotted (solid
lines) for various a-values, holding other parameters constant. The curves have been
normalized at ¢, = 0.3 A~'. Applying an approximate analytic relation for SCcp, as
a function of a, the solid lines are nearly collapsed to a single dashed curve, vertically
offset by 107! to improve visibility. The small peaks at ¢, ~ 0.1 A~! (h = 1) are
referred to as “spikes” in Section 5.3.2.
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Figure 6.12: The ratio of the @ = 12 A and a = 16 A g.-curves to the a = 8 A curve
for ¢, = 0.08 A~" is plotted. For ¢. < 0.25 A~', the ratios are nearly 1, but for larger

q.-values, the ¢.-dependence of the different a-value curves is significant. In the figure
legend, ¥ is either 12 (darker gray solid line) or 16 (lighter gray solid line).


jnagle
Sticky Note
The potential significance of this for determining the high q_z form factor has yet to be determined.  Of course, differences are only half this large for the form factors due to the square root.  It will be important to see whether the wrong choice of "a" has compensatory effects on S.  And it will be important to determine how the tilt dependent form factors compare to the older non-tilt ones.
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6.2 (Gaussian vs Exponential Distributions

In Section 5.1, the scattering from the sample was assumed to be the incoherent sum
of the scattering from cylindrical subvolumes. The subvolumes’ dimensions are deter-
mined by a competition between the sample domain size and the sample coherence
lengths, see Section 5.3.2. Both Gaussian and exponential subvolume distribution
functions were considered plausible, see Sections 5.1.1 and 5.1.2. S{cp ;(¢x, ¢=) is now
calculated using Gaussian and exponential distribution functions and the results are
compared.

In Fig. 6.13, SECDJ(C]:E,QZ) is plotted as a function of ¢, for ¢, = 0 A~ and
¢z = 0.01 A='. The standard deviations of the Gaussians are .%, /3 and .%,/3. While
the Gaussian and exponential curves differ for ¢, = 0 A~!, their predictions are
similar for ¢, = 0.01 A~!, the minimum g,-value typically analyzed. In Fig. 6.14,
SgCDjl(qx, ¢.) is plotted as a function of ¢, for ¢, = 0.3 A= and ¢, = 0.35 A=, The
Gaussian and exponential predictions are similar for ¢, > 0.01 A~'. Since SECDJ
calculated using Gaussian and exponential subvolume distributions are similar in
the commonly analyzed gq., ¢.-region, exponential distribution functions will be used
because they are described by a single parameter, as opposed to 2 parameters for a
Gaussian. All later experimental structure factor calculations use exponential domain

distributions.

6.3 Finite-sized Domains

Due to defects, inhomogeneity, and various other nonidealities, positional correlations
only persist over subvolumes of the sample, commonly referred to as domains. It is
assumed that there are no correlations between domains, and the X-ray scattering
from defects and domain boundaries is neglected. In principle, the correlations within
a domain are sensitive to the domain’s boundaries which may in turn be affected by
the domain’s position in the sample. For samples deposited on a solid substrate,
both the flat solid and upper free interfaces may influence bilayer fluctuations [78,
47,69, 57, 68, 70]. Although, it has been argued that the bulk of a lipid bilayer stack
becomes effectively detached from the surfaces [79]. Following previous work [44,
46, 48, 55, 56, 45], height-height correlations within finite-sized domains are modeled

using the height-height correlation function of an infinite domain assuming periodic
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Figure 6.13: S{cp 1 (¢e, =) as a function of ¢ is plotted for Gaussian and exponential

subvolume distributions at ¢, = 0 A=' and ¢, = 0.01 A~!. The curves have been
normalized at ¢. = 1 A='. Beyond ¢. ~ 0.55 A~! the curves continue to converge.
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Figure 6.14: SgCD,l(ch q.) as a function of ¢, is plotted for Gaussian and exponential
subvolume distributions at ¢, = 0.3 A~' and ¢, = 0.35 A~!. The curves have been
normalized at ¢, = 0.2 A~!. Beyond ¢, ~ 0.1 A~! the curves continue to converge.
The vertical dashed-dotted gray line shows the minimum ¢,-value typically analyzed.
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boundary conditions, see Section 3.3.3 Eq. (3.71). The infinite domain and periodic
boundary assumptions make the height-height correlation function more analytically
tractable and therefore less computationally costly to evaluate. Below, it is shown
that height-height correlations of sufficiently large domains are well-approximated by

the correlations in the deep interior of an infinite domain.

Returning to an intermediate equation in the derivation of the height-height cor-
relation function Eq. (3.71) and substituting w = Q,D and v = £2Q?/2,

hj(p?& (63)

kgT 1- J() \/%p) cos(wj)
dv dw .

" 2mBe 1+ 5+ sin® (w/2)

Assuming that periodic boundary conditions are appropriate for finite-sized domains,
h;i(p,¢,7) Eq. (6.3) is extended to be a function of the domain’s diameter L, and the

domain’s number of layers .J,

dw

T e (w2) (64)

keT [T T 1-— Jg (\/2v,0) cos(wj)
£ L, =_B / / .
Wo(p, 4,75 Ly, J) 32 BE )y, dv i

The integrals in h§ Eq. (6.4) are approximations for sums, and therefore, for decreasing
L, or J, Eq. (6.4) is increasingly approximate. Nevertheless, to compare the finite

and infinite domain cases,

hg(pa 6)7—; L’r‘a J)
hi(p, £, )

£ , _
Ah;(p, b, 75 Ly, J) = |1 — (6.5)

is considered. In Fig. 6.15, Eq. (6.5) for J — oo is plotted as a function of p for
several L,/a, and in Fig. 6.16, Eq. (6.5) for L, — oo is plotted as a function of p for

several J.

As expected for increasing p, h§. is an increasingly poor approximation of h;.
However, since the scattering intensity is dominated by short length scale correlations
(p < 10), hj(p, ¢, 7) is a reasonable approximation for domains with finite L, and J.
The physical domains will be assumed to be large enough (L, /a > 10? and J > 10

layers) such that using h; is accurate.



Chapter 6. Survey of Predicted Structure Factors

10° 7 T T T i T
10" | .7 -
—~ 4 3
8 10° E 3
“ = 3
~J
s 3
é% 107 ¢ 3
—
- /
E10° ¢ 7 .
[an)
S10°k Lr/a y
;Q?S E- T T T T 7 10
. s ---10
10" ¢ 10" E
107 F i
T BT | Ll T T i
0.01 0.1 1 10 100 00!

127

Figure 6.15: Relative difference ARf Eq. (6.5) is plotted as a function of p for several
L./a with j =0, £ =0.06, 7 = 100, and J — oo. Recall that p = r /¢, and typically,
¢ ~ 50 A. The j = 0 case was chosen since it makes the dominant contribution to the

predicted X-ray scattering intensity.
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Figure 6.16: Relative difference Ahf Eq. (6.5) is plotted as a function of p for several

J with j =0, £ =0.06, 7 = 100, and L, — oo.
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6.4 Second Experimental Structure Factor

In Chapter 5, two experimental structure factors were derived, S¢cp; and S¢cp o,

and the predicted intensity, see Section 5.4, is

I(I;CD(qﬂc? q.) = IgCD,l(qﬂcv q:) + [gCD,Q(va q:)

1F(q.)|? Fa(q.)
= Stepa(@er ¢:) + Step.2 (s, :) (6.6)
= [cF<qyca QZ) + I}ff(%ca Qz)- (67)

Prior work recognized that the intensity from hydrated bilayer stacks could be written
as the sum of two terms [38], but the term proportional to F was neglected, assuming
Fa < |F|?. The structure factor / form factor separation derived in Section 3.2.2 is
original to the current work, and therefore, If; = FAS¢cp , has never previously been

considered.

SEcp, is the experimental structure factor of the bilayer stack, whereas S¢cp ,
is for a single bilayer in a stack. Fig. 6.17 shows S{cp (¢, ¢:) (left-hand side) and
S¢cp.2(Qes ¢-) (right-hand side). Only S¢qp; has peaks along the meridian, the char-
acteristic scattering feature corresponding to a repeat out-of-plane distance. Both
functions decay for increasing ¢, at constant .. S¢cp,; and Sfep, are plotted as
functions of ¢, in Fig. 6.18 and as functions of ¢, in Fig. 6.19. For sufficiently large
Gu OT Gz, Stcp,1 ~ Stop,2-

As was emphasized at the end of Section 5.4, Sfcp, and Sfep, have similar
functional forms. They differ in their sums over out-of-plane index values, compare
f1 Eq. (5.145) and f{ (5.150) reproduced below for convenience,

s Yz - = COS | ——————= .
1(p,¢2) /1 ¥ h 0*2 2(1+ h;5:?) 1+ h;o2?
—~ . H.(jD,q.) ¢?h; + j2 D57 ¢.jD
filp,q.) = dj0————Lexp{ —— — ¢ COS [ (6.9)
! ; VA 2(1+4 h;5:?) 1+ h;o3?

H.(0,q.) { q2ho }
= — " _expl———~————— . 6.10
/1+ hyo?2 P12 (14 hoo?) (6.10)
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Figure 6.17: S¢cp; (left-hand side) and S , (right-hand side) are shown using the
same logarithmic grayscale for the parameter values in Table 6.1.

Note, the dependences of several functions were not written explicitly in Eqgs. (6.8)-
(6.10): hj(p, ¢, 7) and &%(q.). For all g,-values, the largest contribution to f; is the
j = 0 term, and for small ¢, the many j # 0 terms dominate. For sufficiently large
g.-values, the exponential in Eq. (6.8) rapidly decays, and the j = 0 term becomes
dominant, fi(p,q. > 0) = f{(p,q. > 0). The g,-dependence of Sfcp; and Sicp o
are primarily determined by f2(¢s, ¢y, ¢.) Eq. (5.146),

fotzr a4y, 42) = /OOO dr rH,. (1) Jm (\/qg% + ¢ 7“) fi(p; ¢z)- (6.11)

For large g,-values, only smaller p = r/¢ significantly contribute to fy because its
integrand becomes increasingly oscillatory for increasing g,. Since hy < hjx for
small p (see Fig. 4.1 for a plot of h;(p,¢,7)), the j = 0 term in Eq. (6.8) dominates

for sufficiently large ¢, regardless of the ¢.-value.
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Figure 6.18: S¢cp ; and S¢cp , are plotted as functions of ¢. for g,-values
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The predicted X-ray scattering intensity I5qp Eq. (6.7) is dependent on the sum
of If oc |F|*SEcp, and I o< FASEep - In Sections 7.4.1 and 7.4.2, it is shown that
typically Fa < |F|?, based on a model for bilayer thickness fluctuations and fitting
measured scattering from stacks of DOPC bilayers. Therefore, even though S¢cp

and S¢cp , are of similar magnitude, I7 > I for most g.-values.



Chapter 7
Data Analysis

Reiterating Eqs. (5.152) and (5.153), the theoretical intensity Ifqp [¢2(pz), ¢-(p-)] and

measured intensity I, (p., p.) are related by

I&ep [42(p2), 4:(p2)] = ©(q:)SEepa (@er 4:) + Pale:)SEep 2 (¢ ¢-) (7.1)
= IIH (pxapz> - C(pz)’ (72)

where for notational convenience

B(q.) = ’Ffj)' , (7.3)
(I)A(q;;) = FAq(QZ) 7 (74>

and ¢(p,) models remaining background scattering. If the background subtraction is
satisfactory, then ¢(p,) = 0 can be enforced, the case used here. The approximate
relations between g-space and CCD-space were presented earlier, see Eq. (5.133) and
Eq. (5.128). The measured data are fitted following the same protocol as for the
tilt-independent analysis [48]. First, initial guesses are used to evaluate S¢cp, and
S€epa- Next, ®(g.), Palg.), and ¢(g.) are determined by a linear fit to I (pa, p-)
for each p,-value. Given the values of &, ®A, and ¢, parameters of the experimental

structure factors are varied to minimize

132
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X =D R ) (7.5)

qx,9z

where R are the scaled residuals,

Im(Q:w (Jz) - [gCD(qgca Qz)
O [T (x> q2)]

R(¢e,¢:) = : (7.6)

and o, is the estimated standard deviation of the measured intensity. The resulting
structure factor parameter values are used as new initial guesses, and the process
repeats until either a minimum in y2-space is found or the desired number of iterations
have been completed.

Following common convention to compare models with different numbers of de-
grees of freedom, the y2-values are normalized by the degrees of freedom K, yielding

reduced y>2-values

where

K=N-7P. (7.8)

N is the number of CCD pixels within the fitted region (typically about 4 x 10%), and
P is the number of parameters. For a typical fit, there are about 200 linear scaling
parameters Py, that correspond to ®(q.) (one for every row of the fitted region of the
CCD) and as many as 6 nonlinear parameters Py, associated with the experimental
structure factor { K., B, Ky, .%,, %., a}. ** Considering ®(q.) adds 200 more linear

parameters. Even though there are many linear parameters, determining their values

19Given typical initial parameter values, a minimum in y2-space is often located in much less than
20 iterations and takes a total computation time of about 3 hours on a modern 4-core processor.

20PyL, may be less than the number of fitted parameters. For instance if .2, > £, and %, >
L., then the experimental structure factor is independent of %, and .Z,, even if they are “free”
parameters. Since Pnr, < PL < N, the ambiguity in Py, is of little concern.
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is computationally trivial because there is a simple analytic relation for their best
values [80]. A modified version of the Levenberg-Marquardt algorithm is used to

determine the values of the nonlinear parameters [48]. %!

The estimated measurement errors o, are the combination of statistical noise in-

herent to the CCD (opak) and the counting statistics associated with X-ray scattering

(08)7

0-2 = O-lzack + 052' (79)

o2 4 is determined using a region of a sample exposure with no discernible sample
scattering, see Fig. 7.1. Following the previous tilt independent analysis [48], the
variance of the sample X-ray scattering o2 is modeled as apl,, where ap = 0.25 is
typical. Poisson statistics alone suggest 02 = I,; however, the intensity reported by
the CCD is related to the number of incident photons by an unknown multiplicative
factor (electronic gain). Therefore, the value of ap is empirically determined. In
principal, the same volume of the stacked bilayer sample could be exposed to X-
rays many times, thereby quantifying the uncertainty of the measured intensity. In
practice, the hydration of the sample is time-dependent, and the same part of a
sample can only be X-rayed for a limited duration before suffering beam damage.
The sample width (15 mm) is much greater than the beam width (about 0.2 mm).
Therefore, scattering from many different parts of the same sample can be measured
and compared. However, even different parts of the same sample are not statistically

equivalent, having different D-spacings which makes combining them impossible.

A detailed analysis of the scattering from a DOPC sample is discussed in Sec-
tions 7.1 - 7.4. Fig. 7.1 shows the relevant region of a background subtracted DOPC
exposure. Table 7.1 lists the values of the important sample, experimental, and coher-
ence parameters. Anticipating later results, ® ASECDQ is neglected in fits presented in
Sections 7.1 - 7.3. First, in Section 7.1, the measured scattering is fitted by both the
tilt-dependent and tilt-independent models, and the tilt-dependent model is shown
to better account for the data than the tilt-independent model. Next, the degree to

which the measured data are sensitive to the values of %, and %, is evaluated in

21Most of the computational time fitting data is spent evaluating SECD’1 since it requires the
calculation of several nested integrals, see Section 5.4.
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Section 7.2. £, and .Z, insignificantly influence fits to the data, and therefore, they
will often be eliminated as model parameters in favor of using coherence lengths to
limit long length scale correlations. Then in Section 7.3, several different ¢, ¢.-regions
are fitted to assess the uncertainty in the values of {K., B, Ky, %, ., a} due to
choosing a fitting region. Finally, the complete model in Eq. (7.1) is evaluated in
Section 7.4. It is shown that for most g.-values ®Stp ; > PaSEcp - In Section 7.6,
the uncertainty of fitted parameter values is determined. The uncertainty is related
to the curvature of y2-space in the vicinity of the minimum y?-value located by the
nonlinear fitting algorithm. Table 7.11 lists the determined uncertainties of the fitted
K., B-, Ky-, and a-values, and to summarize, the uncertainties are < 1.5% of the

fitted parameter values.

Table 7.1: Sample and experimental parameter values for 2015 DOPC exposure.

parameter [units] value | description

D [A] 63.8 out-of-plane repeat distance
T [°C] 30 temperature

. Ly [mm] 5 sample length along the beam

El ts [pm] 10 sample thickness

< Y [°] 0 FWHM of mosaicity distribution
1 [mm] 3.08 1/e X-ray absorption length in sample
€ 0.999998 | index of refraction
A [A] 1.108 | X-ray wavelength

— ) [mm] 387.2 | sample to detector distance

= Ds [mm/pixel] | 0.07113 | pixel size

g by [pixels] 2.3 beam width on CCD in z-direction

;n)q AVYO 0.012 | energy dispersion

© Ay, 5 x 1075 | beam angular divergence in z-direction
A7y, 1 x 107* | beam angular divergence in z-direction

§ &t [A] 11000 | transverse beam coherence along x

é érs [A] 5500 transverse beam coherence along z

S &L [A] 46 longitudinal beam coherence
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Figure 7.1: The background subtracted scattering intensity from a stack of DOPC
bilayers is shown. Intensity is expressed by a linear grayscale except that red pixels
indicate intensity less than zero and white indicates intensity greater than 200. The
predicted theoretical intensity is compared to the measured data within either the
two cyan dashed rectangles or within the solid magenta rectangle. o, is the mean
square intensity within the yellow rectangle where the mean is essentially zero. The
green circles show the positions of the Caillé peaks for D = 63.8 A.
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7.1 Comparing Tilt-dependent and -independent
Models

The DOPC exposure shown in Fig. 7.1 was fit using both tilt-dependent and tilt-
independent models. Anticipating later results, (I)ASgCD,Q is neglected, and only the
data within the dashed cyan rectangles are fitted. The tilt-independent model is
a special case of the tilt-dependent one in which Ky — oo and ¢ — 0; in prac-
tice, Ky = 5000 mN/m and a = 4 A are sufficient. The measured intensity and

model fits are plotted in Fig. 7.2 for several values of ¢,. The fitted values of the
< 0.06 A1,

Y

experimental structure factor and x2, are listed in Table 7.2. For ¢,
the tilt-dependent and -independent models yield visually similar fits. For greater
¢z, the tilt-independent prediction deviates systematically from the measurements.
As expected, the tilt-dependent model predicts increased scattering at greater g, as
compared to the tilt-independent model, see Section 6.1.1. To emphasize the model
predictions as a function of ¢,, the measured data and models are averaged over the
fitted q.-values and plotted in Fig. 7.3 along with the associated scaled residuals R
Eq. (7.6). A slight dip in the measured intensity is visible at ¢, ~ 0.18 A~ consistent
with a ~ 17 A (see Section 6.1.4).

Table 7.2: Parameter values for tilt-dependent and tilt-independent models.

Parameter [units] Tilt-dependent | Tilt-independent
K. [x107" ergs| 8.5 74
B [x10' ergs/cm?] 7.0 7.2
Ky [mN/m] 107 5000"
a [A] 18 4
o 1.471 1.660

* indicates a fixed parameter value.

The differences between the tilt-dependent and -independent model fits are accen-
tuated by comparing x2 -values limited to subsets of the total analyzed region. The
analyzed ¢, ¢.-region is divided into subregions 0.02 A~' wide in the ¢,-direction,
including all relevant ¢.-values, and Fig. 7.4 plots x2 j-values for these g,-dependent
subregions. For all subregions except the region centered at ¢, = 0.2 A~', the tilt-

dependent y2 ,-value is less than the tilt-independent x?2,,-value. Also, the x% -values



Chapter 7. Data Analysis 138

Intensity [arb. scale]

— tilt-dependent
- — - tilt-independent

| PR TR S [ N T |

0.05 0.10 0.15

Figure 7.2: Measured data and tilt-dependent and -independent fits are plotted as
functions of g, for several g,-values. Representative error bars for ¢, = 0.35 A~! cor-
respond to +o0,.. The curves have been vertically offset to improve visibility. Note,
due to the logarithmic vertical axis, negative intensity values are not plotted.

tend to decrease for increasing ¢,, suggesting that both models better account for the

scattering at greater ¢, (smaller I,,,) as compared to lesser g, (greater Ip,).

Tilt-dependent and -independent models are further compared by inspecting the
residuals between the fits and the data. The scaled residuals R(q,, q.) are shown for
both models in Fig. 7.5. As expected since the y2 ;-values in Fig. 7.4 are significantly
greater than 1 [81], there are ¢, ¢.-regions where |R(q,, ¢.)| tends to be much greater
than 0 (correlated residuals). Since tilt-dependent and -independent R(q.,q,) are

visually similar, the scaled residuals are examined using a different method.

The scaled residuals from tilt-dependent and -independent fits are quantitatively
assessed using R distributions. The scaled residuals are divided into two groups
based on g,-value; R from lesser ¢, (¢&: 0.01 < ¢, < 0.06 A‘l) and R from greater

~Y

¢z (¢5: 0.06 < ¢ < 0.18 A=1). The resulting R distributions are plotted in Fig. 7.6

with corresponding Gaussian fits, see Table 7.3 for Gaussian fit parameter values.
The intermediate g,-value of 0.06 A~! was chosen because the tilt-dependent and

-independent models appear to significantly differ for ¢, > 0.06 A~', see Fig. 7.3.

~
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Figure 7.3: After averaging over all fitted ¢,-values, the measured data and tilt-
dependent and -independent fits are plotted as functions of ¢,. Also, the scaled
residuals R for both fits are plotted as functions of g,. The dashed-dotted gray line
is a guide to the eye.

¢u-values greater than 0.18 A~! are not considered in order to minimize the influence
of the a parameter on the R distributions because a is treated differently for the
tilt-dependent and -independent fits. In the case of a statistically ideal fit, the mean
w and standard deviation (SD) o of a scaled residual distribution are consistent with
0 and 1, respectively. For both ¢ and ¢%, |u| of the tilt-dependent distribution is
smaller than |u| of the tilt-independent distribution, consistent with the diminished
x24-values in Fig. 7.4. For ¢ the tilt-independent model systematically predicts less

intensity than is measured, and therefore the mean is significantly shifted from 0.
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Figure 7.4: x2,-values from tilt-dependent and -independent fits are
0.02 A~! wide g,-ranges.
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Figure 7.5: Scaled residuals R Eq. (7.6) of tilt-independent (left-hand side) and tilt-
dependent (right-hand side) model fits.
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Figure 7.6: Tilt-dependent and -independent (titf) R distributions for (a) 0.01 <
» < 0.06 A1 and (b) 0.06 < g,
fits to the distributions, and Table 7.3 summarizes the fitted parameter values. The
distributions have been normalized by the fitted Gaussian amplitudes. Representative
error bars for the tilt-dependent distribution are the square root of the number of
pixels whose R-value is within a given R-bin of size 0.1. The dashed-dotted gray
lines are guides to the eye.

< 0.18 A=!. The red and blue lines are Gaussian

Table 7.3: Parameter values for scaled residual distributions plotted in Fig. 7.6.

0.01 < ¢, <0.06 A1 0.06 <q, <018 A1
parameter
tilt tilt 0
p (mean) 0.052 0.13 0.53
Ap 0.013 0.0076 0.0075
o (SD) 1.3 1.2 1.2
Ao 0.0096 0.0054 0.0054
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7.2 Limiting Long Length Scale Correlations

Long length scale correlations are limited by the smaller of the sample coherence
volume and the domain size, see Sections 5.1 and 5.3.2 for many details. Most impor-
tantly from a data fitting perspective, the sample coherence volume is determined by
measured beam properties, while the domain characteristic diameter £, and height
%, are unknown. Previously in Sections 6.1.2 and 6.1.3, the experimental structure
factor Sgcu1 was shown to be fairly insensitive to %, and ., within the typically ana-
lyzed q., g.-region, and therefore, to minimize the number of parameters participating
in the nonlinear least squares fit, it was suggested that .%,. and %, be eliminated in
favor of using the sample coherence volume to limit long length scale correlations.
The insensitivity of SgCDJ to £, and .Z, is further assessed by fitting measured
data. Two fitting procedures are compared. In the first procedure, %, and .Z,
are fixed to sufficiently large values such that sample coherence always limits long
length scale correlations. In the second procedure, .Z, and .Z, are free parameters
whose values are determined by the nonlinear fitting routine. Given the experimental
beam divergence and energy spread, see Table 7.1, coherence lengths dominate for
L. > &r, ~ 5500 A and 2, > 271/ (AQzmin) = 900 A, where ¢z min is the smallest
¢.-value in the fitted g,, ¢.-region. Table 7.4 summarizes the relevant fitted parameter
values of the experimental structure factor as well as x2, for several pairs of different
initial values for .%,. and .%,. Consistent with Sections 6.1.2 and 6.1.3, different values
of %, and %, only modestly affect x2,,. Table 7.4 shows that the fitted values of .Z,
and .Z, are initial value dependent. If the initial value of # or .Z, is greater than
14 or 5500 A, respectively, then the fitted and initial values are about the same.??
In Table 7.4, the red and blue x2,-values are the best fits that correspond to
suppressing .%, and .%, (%) and fitting .%, and .Z., respectively. The residuals of
the two aforementioned fits are compared as a function of g, by calculating x?2 ,-values
limited to subsets of the total analyzed region. The analyzed ¢,, g.-region is divided
into subregions 0.02 A~ wide in the g,-direction, including all relevant ¢,-values, and

Fig. 7.7 plots x2 4-values for these ¢,-dependent subregions. For ¢, < 0.1 A1 using %

~Y

22Since the nonlinear space is searched using a modified Levenberg Marquardt (mLM) algorithm
which is a local minimization routine, a certain degree of initial value dependence in the fitted values
is to be expected. Additionally, for # 2 14 and .2, 2 5500 A, the fitted values are dependent on
the detailed implementation of the mLM algorithm. If only a narrow range of values are sampled in
the vicinity of an initial parameter value, the mLM algorithm may not modify the values of ¢ and

%, because the x2_;-space is flat along the ¢- and .%,-directions for # > 14 and .%, > 5500 A.
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Table 7.4: Fitted parameter values for different initial values of .Z, and ¢ = Z./D
(D =638 A).

parameter [units] fits
R % [x10% A oot | 25 | 5 5 5 10
R 7 [£./D) | 10 | 5 | 10| 20 | 10
2 [x10% A] oo* | 27 | 52 | 50 | 45 | 10.
7 1%/D] oo* 9 6 8 20. 9
%% K. [x107'3 ergs] 85 | 84 | 80 | 83 | 85 | 83
% B [x102ergs/em® | 7.0 | 72 | 80 | 73 | 7.0 | 7.3
= Ky [mN/m] 107 | 115 | 126 | 112 | 105 | 113
a [A] 18 17 17 18 18 17
X2y 1.471 | 1.464 | 1.468 | 1.468 | 1.470 | 1.469

* indicates a fixed parameter value.

as free parameters slightly diminishes x?2 ;-values, consistent with expectations from
Sections 6.1.2 and 6.1.3. To further quantify the differences between the red and blue
fits, corresponding R distributions are plotted in Fig 7.8. The scaled residual are
divided into two groups; R from lesser g,-values (¢&: 0.01 < ¢, < 0.1 A=Y and R
from greater ¢, (¢5: 0.1 < ¢ < 0.22 A=1). The R distributions are fit by Gaussians,
and the fitted parameter values are summarized in Table 7.5. Using .Z, and .Z, as
free parameters, does not yield a statistically improved R distribution. Therefore,
unless otherwise stated, .Z, and £, are fixed to sufficiently large values such that

coherence considerations limit long length scale correlations.
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Figure 7.7: x% 4-values from suppressing .%; (%) and fitting to determine .Z;-values
are plotted for 0.02 A~! wide ¢,-ranges.
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Figure 7.8: R distributions corresponding to suppressed (,%;) and fitted .%; for (a)

001 < ¢ <01A"and (b) 0.1 < ¢, <022 A1
to the distributions, and Table 7.5 summarizes the fitted parameter values.

The lines are Gaussian fits

The

distributions have been normalized by the fitted Gaussian amplitudes. Representative
error bars for fitted .%; are the square root of the number of pixels whose R-value is
within a given R-bin of size 0.1. The dashed-dotted gray lines are guides to the eye.

Table 7.5: Parameter values for scaled residual distributions plotted in Fig. 7.8.

parameter

&z

0.01 < ¢ <0.1A!

01<¢q, <022A!

~Y

2 Z

i (mean) 0.10

Ap 0.0096
o (SD) 1.3
Ao 0.0069

0.094 0.092
0.0069 0.0069
1.1 1.1
0.0051 0.0050
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7.3 Fitted q,, ¢.-Region

In Section 6.1.1, it is established that S¢cp, is sensitive to varying {K., B, Ky}
in the ¢,,q.-region within the magenta rectangle in Fig. 7.1. For the analyses in
Sections 7.1 and 7.2, only the data within the two cyan rectangles are fitted. In
Section 7.3.1, the reason for neglecting the region within the magenta rectangle but
between the two cyan rectangles is discussed. The chosen minimum and maximum
¢o-values (¢z min a0d ¢y max, respectively) of the fitted region are compromises between
several competing issues. Therefore, in Section 7.3.2, the aforementioned competing
issues are summarized, and the dependence of {K., B, Ky, %, Z,, a}-values on

different choices for ¢, min and ¢ max is demonstrated.

7.3.1 ¢.-Range

Data within the magenta rectangle in Fig. 7.1 are fitted using the tilt-dependent
and -independent models. Fitted parameter values are listed in Table 7.6 for both
cyan and magenta bounded regions of data. Fitting the cyan and magenta regions
results in similar fitted parameter values, however, the x?2 ;-values associated with
the magenta region are significantly larger than x?2 j-values fitting the cyan region.
The scaled residuals map for the tilt-dependent fit of the magenta bounded region
is shown in Fig. 7.9. For 0.41 < ¢, < 0.47 A~', the residuals are large for most of
the q,-range. Fig. 7.10 plots the data and tilt-dependent and -independent model
fits, averaging 0.41 < ¢, < 0.47 A='. For ¢, > 0.04 A~', both models systematically
predict less intensity than is experimentally observed. The data and models appear
more consistent for ¢, < 0.04 A1, however, the scaled residuals are large within
the aforementioned g¢,-range. Since both tilt-dependent and -independent models

< 0.47 A1, this

~

systematically deviate from the measured scattering for 0.41 < ¢,
¢.-range is neglected for the majority of the analyses.

The ¢,-range 0.41 - 0.47 A~! is unremarkable from the perspective of the experi-
mental structure factors, see Fig. 6.17 for typical Stop, and S¢ep . In Fig. 7.1, the
measured scattering intensity is less intense for 0.41 < ¢, < 0.47 A=* due to |F(q.)|*.
Therefore, the discrepancy between data and models may be attributable to unac-
counted for mixing between | F'|* and S¢cp ;, for instance mosaicity (see Section 5.2) or
g-resolution (see Section 5.3.2). Alternatively, the systematic deviations between data

and models may involve Fa. This hypothesis is tested in Section 7.4.2, and it is shown
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Table 7.6: Parameter values for cyan and magenta bounded fitting regions in Fig. 7.1
(D =638 A).

tilt-dependent | tilt-independent
Parameter [units] cyan magenta | cyan magenta
K. [x10713 ergs] 8.5 8.6 7.4 7.3
B [x10" ergs/cm?] | 7.0 7.0 7.2 7.3
Ky [mN/m] 107 95 5000 5000*
a [A] 18 17 4* 4
Xy 1.471 1.656 1.660 1.843
* indicates a fixed parameter value.
R
1.4
0.55 1.0
0.6
0.50 0.2
—0.2
— —0.6
lil 0.45 10
= —1.4
0.40
0.35

0.05 0.10 0.15 0.20

¢ [A7]

Figure 7.9: Scaled residuals R of tilt-dependent model fit for q,, ¢.-region within the
magenta rectangle in Fig. 7.1.

< 0.47 A1,

~Y

that including the term FAS¢ep , does not improve the fit for 0.41 < g¢.
Previously, the unfavorable comparison between measured intensity near minima of
|FF|? and the tilt-independent theory was discussed in the context of the scattering
from hydrated stacks of DMPC bilayers [82]. Empirically, poor fits near apparent

|F|> minima are typical.
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Figure 7.10: Measured data and tilt-dependent and -independent model fits are plot-
ted as functions of ¢,, after averaging 0.41 < ¢, < 0.47 A~'. Representative error bars
indicate 1 standard deviation. Also, the scaled residuals R for both fits are plotted
as functions of ¢,. The dashed-dotted gray line is a guide to the eye.
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7.3.2 ¢,-Range
¢zmin fOr Analysis

The minimum g,-value of the fitting range ¢y min is a compromise between several
competing issues. Two issues advocate for a larger g, min. The predicted scattering
intensity neglects the scattering from the Si substrate which is known to be concen-
trated around ¢, = 0, typically within |¢,| ~ 0.003 A=, Also, S(FJCQ1 is increasingly
insensitive to %, and .Z, for increasing ¢,, see Sections 6.1.2 and 6.1.3. Since .%, and
Z, are of secondary importance compared to {K., B, Ky}, a greater g, mmn-value is
chosen to reduce the dependence of Sfp; on % and .Z.. On the other hand, the
measured data at smaller ¢, tend to be the most intense and are more sensitive to the
the long length scale predictions of the model as compared to larger ¢,. Consequently,

a compromise g, min-value has been chosen to be 0.01 A~ in this lab.

To assess the dependence of fitted parameter values on g, min, ¢z, ¢--regions with
different g, min-values are fitted. Table 7.7 lists the resulting fitted parameter values.
Based on Sections 6.1.2 and 6.1.3, SEp ; is known to be increasingly sensitive to the
values of %, and .Z, for decreasing ¢,. The fitted parameter values are similar for all
case in which .%; were suppressed. For both ¢, min = 0.005 A~' and 0.016 A~', the
fitted values of .Z, are unreasonably small. In the g, yin = 0.005 A~ case, the model
may not adequately predict long length scale phenomena, or the specular scattering
from the substrate is non-negligible. For ¢, yin = 0.016 A‘l, there may be insufficient
data to reliably determine .%,. If %, are suppressed, it may by advantageous to use
Qzmin = 0.016 A1 as compared to ¢z min = 0.01 A~'because the moduli values are not
too dissimilar and a larger g, min-value makes SECD’I less sensitive to the secondary
parameters .%,. Although, fitting data at smaller ¢, exposes the deficiencies of the

current modeling, potentially motivating future improvements.

Gz, max for AnaIYSiS

The gz max-value for the typical fitting region, see Fig. 7.1, was chosen to include all
pixels for which the average of the measured intensity over a small ¢, region is greater
than 0. In other words, ¢y max ~ 0.22 A~ is the intersection of Iw(p:) and the line

I = 0. Alternatively, a more conservative ¢, max-value of 0.17 A1 is the intersection
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Table 7.7: Parameter values for various g, min-values of the fitting range.

Gomin [A71]
Parameter [units] 0.005 ‘ 0.01 0.016
K. [x107'% ergs] 9.7 8.3 8.4 85 | 10.1 86
B [x10" ergs/cm?] | 6.5 6.6 7.2 7.0 | 6.2 7.2
Ky [mN/m] 105 130 | 115 107 92 100
a [A] 18 17 17 18 18 18
% [A] 300  oo* | 2700 oo* | 300 oo
J [Z./D] 9 oo™ 9 oo* 14 oo*
X2 1.569 1.633 | 1.464 1.471 | 1.356 1.380

* indicates a fixed parameter value.

of In(p,) and I = opae.?

To an extent, a larger g, max-value is useful because the

scattering at larger g,-values is more sensitive to the short length scale predictions

of the model as compared to scattering at smaller ¢,-values. However, the analysis

is based on a continuum model (see Section 3.1), which is only physically reasonable

for sufficiently small ¢,, so fitting measured scattering at large ¢, may yield spurious

results.

continuum model.

Table 7.8 lists potential g, max-values based on length scales of the current

Table 7.8: Possible g, max-values based on length scales of the continuum model.

G max [ATY]
Parameter value [A] 7 /parameter
D 63.8 0.05
¢ 58 0.05
a 17 0.18
& 8.6 0.37

The value of ¢, max is evaluated using fitted parameter values and the scaled resid-

uals from the fits.

Table 7.9 lists fitted parameter values for several g, max-values.

Several fixed values of a were sampled since a is expected to be the parameter most

sensitive to ¢y max. The value of a has little effect on fitted K. and B values. However,

ZCurrently, the fitting software does not support a g,-dependent g max, and therefore, the most

intense regions at large ¢, have been used to set ¢z max-
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fixing the value of a to be less than 17 A significantly increases the fitted value of
Ky. When a is fitted, similar Kp-values are determined. For g max = 0.11 A‘l, the
fitted a-value of 24 A is unreasonable because the measured data do not precipitously
decrease for ¢, > 7/24 A ~ 0.13 A~'. The scaled residuals corresponding to the
Qzmax = 0.22 A1 fit are plotted in Fig. 7.3, after averaging over all fitted g.-values.
If the continuum approximation were to be a progressively worse approximation for
scattering at increasing q,-values within the fitted range, the scaled residuals might
increase as a function of ¢,. However, the tilt-dependent model tends to better ac-

count for the measured scattering for increasing q,, see Fig. 7.4.
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Table 7.9: Parameter values for cyan bounded fitting region in Fig. 7.1 (D = 63.8 NC

G max [A7]
Parameter [units] 0.11 0.17 0.22
K. [x 10~13 ergs| 8.5 8.5 8.5 8.6 8.4 8.4 8.4 8.6 8.3 8.3 8.4 8.5
B [x10' ergs/cm?] | 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0
Ky [mN/m] 112 112 111 97 120 121 117 102 128 127 123 107
a ﬁ>g 4* 8* 12* 24 4* 8* 12* 19 4* 8* 12* 18
Xw& 1.765 1.764 1.763 1.735 | 1.619 1.617 1.614 1.606 | 1.487 1.486 1.483 1.471

*

indicates a fixed parameter value.
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7.4 Comparing I(}’;CD’l and [gCD,Z

IEcpa o |F[*SEep,y and Ifgp o < FASEep o Were derived in Section 5.4, see Eqs. (5.149)
and (5.151), respectively. Previously in Section 6.4, St and Sfep , were shown to
be of similar magnitude, yet SSCDQ was neglected for the rest of Chapter 6, assuming
that [F|* > Fa. Additionally when fitting data, F. ASEep.2 18 neglected in all Sections

in this chapter besides the current one. Recall,

) = [<|F0 _ ‘For—q)) 2} (7.10)
0

v

and F(q,) = (Fy(r,q.)), see Fa in Eq. (3.36) and F(q,) in Eq. (3.34). First in Sec-
tion 7.4.1, the relationship between |F |2 and Fa is evaluated by hypothesizing a model
for fluctuations in the electron density profile. Then, fits to measured X-ray scatter-
ing intensity from a hydrated stack of DOPC bilayers are presented in Section 7.4.2.
Both Subsections conclude that the contribution to the measured intensity due to
FASEcps Eq. (5.151) is negligible, and therefore, I§op = |F|*Sfep 1/

7.4.1 Modeling Fa

The relationship between |F|? and Fa can be evaluated theoretically, assuming a
model for the fluctuations of the electron density profile (EDP). The modeling and
corresponding results are briefly summarized below, see Appendix C.1 for details and
further discussion. The fluctuations in question are due to the peristaltic modes which
are treated en masse in the modeling of the stacked bilayer EDP in Section 3.2.1. The
EDP fluctuations are hypothesized to be independent out-of-plane extensions and

compressions of the monolayers (L) with the associated energy given by Eq. (C.25)

2
EX(AD) = KA, (%D> : (7.11)

where K4 is the compression modulus of the whole bilayer, A, is the reference area,

AD is the change in thickness, and D, is the hydrocarbon thickness. The relevant peri-
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staltic fluctuations are assumed to involve the collective motion of several molecules;?*
an approximate lower bound on the A,-value of 2000 A? (about 30 molecules) is used.
The effective modulus in EY Eq. (7.11) is K44y, and consequently, choosing a small
Ag-value is equivalent to reducing the energetic cost to modify the thickness of a
leaflet. Therefore, the smearing of the EDP described below is intended to be an ap-
proximate upper bound on the effect of thermal thickness fluctuations. Additionally,
since the values of K 4 are not strongly dependent on lipid membrane composition [83],
the presented argument is interpreted as a general case.

Using the model in Eq. (7.11) and an input EDP from a simulation [84], the
ensemble averaged quantities <|F L(q.) ’2> and ’<F “(g.)) |2 are calculated and plotted

in Fig. 7.11. The most relevant comparison is between

Fx(¢.) = <\FL(qz)|2> — [(FY(q.))[’ (7.12)

and ‘<FL>}2 For all ¢, except near ‘<FL(qz)>|2 ~ 0, |<FL>‘2 > FX. Therefore, it
is expected that FASfcp , is negligible compared to |F|*SEqp , except possibly near

minima of |F(q,)|?.

35r i - 0.010
30t 4 1
. 1 L 0.008
&) N 2
% 25 — ) ] 2
! - <|FL|2> i i 0006 5
2 5 Fx . \ | 2
£ 7 )l - 0.004
”g 10} ] ] g
© . L 0002 ®
05} /\ 4 ]
0.0 T 1 1 /\n 1 |- ! ! ! ! ! ! 0.000
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¢: [A7] g: [A7]

Figure 7.11: <\FL\2>, (FL)[, and F% are plotted for K, = 2.75 x 10-2 J/A?,

A, = 2000 A2, and D, = 30 A. In the right-hand panel, the vertical axis is expanded
as compared to the left-hand panel to highlight FX.

24In Section 3.2.1, the single bilayer reference electron density ps is assumed to be inherently
broadened by protrusion modes.
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7.4.2 Fitting Measured Intensity

Scattering intensity from fully hydrated DOPC bilayers is fit using two methodolo-
gies. One procedure concurrently determines |F|* and Fa and therefore is termed
the parallel method. The parallel fitting procedure was previously outlined at the
beginning of this chapter. Summarizing the most important points, initial guesses
are used to evaluate S’gcu1 and SECDQ. Then, |F|*> and Fa are determined by a
linear fit to I (ps, p.) for each p,-value. Given the values of |F|* and Fi, structure
factor parameters are updated using a nonlinear fit. The updated structure factor
parameters are used as new initial guesses and the process iterates.

The second fitting procedure leverages known attributes of S¢cp ; and S¢cp 5 to
separate the intensity contributions of |F|*S¢qp, and FAS{cp, and is called the
series method. In Section 6.4, it was shown that for ¢, > ¢5(p:) SCcp(¢e =) =

S¢cp.2(Qes ¢-), and therefore, Ifp Eq. (7.1) can be simplified,

C |F(q2>|2+FA(qz) C
IEep @0 > ¢S(p2), a:(p2)] ~ p Stepa e > €(p2), ¢:] (7.13)

= I (pe > 5, p.) - (7.14)

Using Eq. (7.13), it is possible that the sum [F(q.)|* + Fa(q.) = F*(g.) is more
robustly determined than the parallel method’s determination of |F' |2 and FA.

First in the series fitting methodology, S€cp, and SEqp, are calculated using
initial guesses for their parameter values. Then for each p.-value, ¢S is determined
by comparing S¢cp; and Sfepo. F*(¢.) is determined using Eq. (7.13) and a linear

least squares fit. Next, the difference of the total intensity and F*(q.)SEcp 1 /4x,

MSECDJ(Q%QZ) = M (

z z

[m(pxapz) - SgCD,Q - SgCD,l) ) (7-15)
is used to determine Fz using a second linear least squares fit. Finally, the structure
factor parameters are refined using a nonlinear least squares fit.

The parallel and series fitting methods were applied to the measured data within
the magenta rectangle shown in Fig. 7.1. The resulting |F |2 and F are plotted in
Fig. 7.12. Since by definition Fx > 0, much of the fitted Fa-regions are unreasonable.
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Also, |F(g.)|* is inconsistent with previous experiments and simulations [16] with the
caveat that the cited experimental work effectively assumed Fa < |F|%. Correlations
in the fitted |F|* and Fa suggest that the measured scattering is insensitive to |F|*
and Fa individually; overwhelming positive or negative values of Fa are matched by
corresponding deviations in |F|?. F* is plotted in Fig. 7.13 and is much smoother
than |F|? and Fa. F* is similar to both |<FL>’2 and <|FL|2> plotted in Fig. 7.11.
Results from both the parallel and series fitting procedures suggest that the data do

not support inclusion of the term FAS¢ep 5-
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Figure 7.12: The determined |F(q.)|” and Fa(q.) are plotted from both the parallel
(top) and series (bottom) fitting methods on the same arbitrary scale. The dashed-
dotted gray lines are guides to the eye.

In Section 7.4.1, it was shown that F} < ‘<FL> ‘2 for all ¢, except near {<FL(qz)> }2 ~
0. Therefore, it is worth considering whether the contribution of FASfep, to the
measured intensity may be significant near minima in I, along the g.-direction (for
example near ¢, = 0.44 A~ in Fig. 7.1). Fig. 7.14 shows parallel and series fits and
measured data centered at ¢, = 0.44 A~!, averaging 0.41 < ¢. < 0.47 A—'. Neither

fit satisfactorily describes the measurement, and therefore, there is no conclusive ex-

perimental evidence supporting a significant contribution from F ASgCD,Z' From an
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Figure 7.13: |F(qz)|2 + Fa(q.) is plotted from both the parallel and series fitting

methods.

electron density modeling perspective (see Section 3.2.1), the fluctuations attributed

to the peristaltic modes are inconsequential for predicting the X-ray scattering in the

typical q., q.-region.
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Figure 7.14: Measured data and the tilt-dependent, parallel, series, and tilt-
independent fits are plotted as functions of ¢,, averaging 0.41 < ¢, < 0.47 A~1.
Representative error bars indicate 1 standard deviation.
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7.5 Form Factor

Besides parameter values of the experimental structure factor, the scaling factor
®(q.) = |F(q.)|?/q. is also determined by fitting the measured scattering intensity. 2°
Following the Nagle lab protocol, ®(q.) is evaluated using the data within the g¢,, ¢.-
region bounded by a yellow rectangle in Fig. 7.15 along with SgCD,l parameter values
listed in Tables 7.10. Since ® is a fitted parameter with an associated uncertainty,
there is a significant chance that ® < 0 for small ®. Consequently, to show this in

graphs, |F'(q,)| has commonly been plotted as [85]

[F(g:)] = sgn [®(g:)] V[P (g:)] ¢z (7.16)

where sgn|...] returns the sign of its argument. Ignoring the negative values of ®

unduly biases fits of |F| to larger positive values.

Table 7.10: Sets of fitted parameter values used to determine ®(q.).

Parameter [units] tilt  tilt and & €
K. [x10713 ergs] 8.5 8.4 7.4
B [x10% ergs/cm?] | 7.0 7.2 7.2
Ky [mN/m] 107 115 5000*
a [A] 18 17 4
2 [A] 00* 2700 00*
J [ Z./D] o0* 9 oo*

* indicates a fixed parameter value.

|F'(q.)| are plotted in Fig. 7.16 corresponding to the three sets of fitted parameter
values in Table 7.10. Consistent |F| are determined for both tilt-dependent and -
independent models as well as for fitting .Z; (see Section 7.2) within the tilt-dependent
model. However, the interpretation of |F(g.)|* in terms of the single membrane
electron density ps is different for the tilt-dependent and -independent models. In

Section 3.2.2, Eqgs. (3.19) and (3.34) define the tilt-dependent form factor,

25Tn previous Nagle lab software, the determined scaling factors were not absorption corrected, see
Section 6.2 in [48]. In the current software, the experimental structure factor is absorption corrected
because the absorption correction is dependent on the incident angle [50]. Consequently, ®(q.) are
absorption corrected.



Chapter 7. Data Analysis 160

0.7 200
— 160
[
< 0.6 120
S
80
0.5
40
0
0.4
0.3

-0.1 0.0 0.1 0.2 0.3
—1
¢z [A7]

Figure 7.15: The background subtracted intensity from a stack of DOPC bilayers is
shown. Intensity is expressed by a linear grayscale except that red pixels indicate
intensity less than zero and white indicates intensity greater than 200. &(q,) is
determined using the fitted Sf¢p, ; parameter values in Table 7.10 and the data within
the yellow rectangle. The green circles indicate positions of Caillé peaks.
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Figure 7.16: The determined |F(q.)| Eq. (7.16) are plotted for fitted S¢¢p ; parameter
values listed in Table 7.10. Commonly, a smooth baseline is subtracted from ®(q,)
such that |F(q.)| is zero at apparent minima (for example ¢, ~ 0.28 A~! and ~
0.42 A=1). The aforementioned subtraction was not performed.



jnagle
Sticky Note
 The subtraction indicated in Fig. C.4 in Appendix C.1.3,  would bring these minima closer to zero.  However, the qr dependence for these qz values does not conform to the liquid crystal theory. This is consistent with mosaic spread artifactually increasing these weak intensities and, through the square root, giving significant lift off of the zeros of the form factors.
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/d2 /D/2 psz P( a2 Lol0]) o) (7.17)

D/2 Uy)
Substituting z = Z/ (V) into Eq. (7.17),

~ % /A %r / dz (]2 (00) )] ) e (7.18)

Finally, the undulation correction (UC) [39] is recognized,

Yue = (Vo) (7.19)

and F'(q,) is concisely expressed as

F(q.) =~ /dz p(z)e' %> (7.20)

where

p(z) = <ps [Z‘I/Uc, PO(I‘)] > (7.21)

In comparison, the tilt-independent form factor was previously defined in [48] as

Fl(q.) = /dz o (2)e'=*, (7.22)

where p/(z) is conceptually similar to (p[z, Py(r)]) given the discussion in Section
3.2 of [48]. Eq. (7.21) emphasizes the effect of Wyc; it stretches or contracts the
electron density in the z-direction. A term similar to Wyc would be present in F'(q,)
Eq. (7.22) if cosa, had not been neglected, see Section 3.2 in [48] and compare
Egs. (3.1) and (3.2). Prior work has operationally recognized the influence of a
UC [39, 48, 85], but the above derivation clearly derives the relations between the
hypothesized single membrane electron density, Wyc, and the result of an X-ray
scattering measurement. Most importantly, Uy is different for tilt-dependent and
-independent models. Therefore, even if the measured |F(q,)| for tilt-dependent and
-independent models are consistent, the interpretation in terms of electron density

differ. Wy is further discussed in Appendix C.2.
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7.6 Uncertainty in Primary Fitted Parameters

As suggested in Sections 7.2 and 7.3, the fitted parameter values depend on the details
of the fitting procedure. Consequently, the uncertainty of the determined parameter
values could reflect the aforementioned fitted parameter value variation. However,
the various fitting methodologies are not equally reasonable. Therefore, the present
section focuses on the uncertainty of fitted parameters given a particular choice of
fitting protocol.

The fitted g, g.-region is shown in Fig. 7.1, and .Z, and .Z, are suppressed by fixing
their values such that coherence considerations limit long length scale correlations,
see Section 7.2. Fitted parameter values have associated uncertainty reflecting the
curvature of the y?-space in the vicinity of the minimum located by the nonlinear
least-squares algorithm. Following the common precedent [81], the uncertainty of
a fitted parameter value is quantified by how much its value must be modified to
increase the y2-value by 1, allowing all other parameter values to be determined by
the fitting algorithm. The change in the y? value from the x? value of the best tilt-
dependent analysis is called Ax?. For {K., B, Ky, a}, the aforementioned procedure
was used, fixing each parameter value to A% = {—5%, —2%, —1%, 1%, 2%, 5%}
of its best tilt-dependent fitted value, see Table 7.11. The resulting Ax?-values are
listed in Table 7.11. For a given parameter, uncertainty values were determined by

fitting the associated Ay?-values (a row in Table 7.11) to

A (A%) = a(A%)? + b(A%)?, (7.23)

where a and b are constants determined by a linear least squares fit. From the
fit Eq. (7.23), parameter values corresponding to Ax? = 1 were determined and
thereby, uncertainties on the best fitted parameter values. In Fig. 7.17, the Ay
values associated with K. in Table 7.11 are plotted as a function of the percent
change in the fixed K .-value to illustrate the aforementioned uncertainty analysis.
The best tilt-dependent parameter values and associated uncertainties are also
listed in Table 7.11. Ax? increases more rapidly for changes in K .- and B-values as
compared to changes in Kjy- and a-values. This may in part be due to the fact that
Ky and a are primarily determined by the weaker measured intensity at larger ¢, as

compared to K, and B which are determined by the stronger measured intensity at
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Table 7.11: Parameter values and associated uncertainties based on a Ay?-value of
1.

Ax?
Parameter | -5% 2% -1% 1% 2% 5% | final value
K. |706.0 122.7 29.6 10.3 682 4959 |85+0.017
B 2156 192 -27 150 40.6 119.3|7.040.027
Ky | 134 11 09 -93 35 166 | 107+14
a 240 106 -1.7 7.1 162 389 | 1801
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Figure 7.17: Ax?-values listed in Table 7.11 corresponding to K, are plotted as a
function of the % change in the best tilt-dependent K .-value (8.5 x 107! ergs). The
red dashed line is the best fit of Eq. (7.23). The right-hand plot emphasizes the small
Ax?-range, and the blue dotted-dashed line shows Ax? = 1.

smaller ¢,. Since the ratio of signal to noise typically increases for increasing q,, the
y2-value is less sensitive to changes in the values of K, and a as compared to K. and
B. The uncertainty values in Table 7.11 are all less than about 1.3%. The small
uncertainty values are primarily due to the large number of CCD pixels in the fitted
(s, ¢-region (typically about 4 x 10%). Consequently, a x2 -value of 1.5 (typical for
Table 7.11) corresponds to a y?-value of about 6 x 10%. Therefore, Ax? = 1 is only a
change in x? of about 0.002%. 2

26Tt is possible that the intensity measured in different pixels is correlated. In the case of correlated
pixels, x2 and X?ed are related by a number less than the number of pixels within the fitted region.
Consequently, the change in a parameter value corresponding to a Ay2-value of 1 will likely be larger
than the values listed in Table 7.11. From this perspective, the uncertainties listed in Table 7.11 are
lower bounds on the precision of the fitted parameters.
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As indicated previously, the uncertainty values in Table 7.11 indicate the precision
of the fitted parameter values given the large data set. These uncertainty values do
not reflect other sources of uncertainty (such as experimental and sample preparation)
that influence the typically determined parameter values. In Chapter 8, determined
parameter values for several exposures of three different DOPC samples are listed
and discussed. Fitted parameter values determined from exposures corresponding to
different parts of the same sample are shown to vary by more than the uncertainties
listed in Table 7.11. Therefore, the uncertainty associated with the precision of the
nonlinear fitting is neglected subsequently.

Three Ax2-values are negative in Table 7.11. In other words, the corresponding fit
resulted in a fit with a smaller y2-value than the tilt-dependent fit listed in Table 7.2.
The parameter values associated with the negative Ay?-values in Table 7.11 are listed
in Table 7.12. The fitted parameter values are negligibly different. The slightly
smaller y2-values are likely due to fitting 3 free parameters (the case for the values
in the first 3 columns in Table 7.12) as opposed to fitting 4 free parameters (the
case for the final column in Table 7.12). The difficulty of finding a minimum of
a highly nonlinear space increases rapidly with increasing dimension of the search
space. Additionally, the nonlinear least squares algorithm (Levenberg-Marquardt) is
known to be a local minimizer, and the aforementioned four fits had different initial

parameter values.

Table 7.12: Fitted parameter values for fits in Table 7.11 for which Ay? < 0.

Parameter [units] B-1% Ky 1% a-1% | tilt-dependent
K. [x107'3 ergs] 8.5 8.5 8.5 8.5
B [x10'2 ergs/cm?] | 6.91% 7.0 7.0 7.0
Ky [mN/m] 106.6 107.8* 106.8 106.7
a [A] 175 177 1757% 17.7

T values from Table 7.2

¥ indicates a fixed parameter value.
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Results for Many DOPC Samples

Many CCD exposures of the scattering from DOPC samples were analyzed, following
the analysis methodology described in Section 7.1. First, a kLB was substracted from
the measured scattering intensity (see Section 2.5.1), and then, the 2 box method was
used to remove residual background intensity (see Section 2.5.2). A similar fitting
qz, q.-fitting region was chosen for all of the exposures, see Fig. 6.1 specifically the
regions within the dashed cyan rectangles. £, and .Z, were fixed to sufficiently large
values to suppress their influence on SECDJ, and F, ASECDQ is neglected, as previously
argued in Section 7.4. Table 8.1 lists experimental parameter values, and Table 8.2
lists the fitted parameter values for DOPC exposures from 2013 - 2015. Each column
in a given year corresponds to a different part of the same DOPC sample. The final
row of Table 8.2 lists (ijff / Xfégilt); the tilt-dependent x?2, is about 20% smaller
than the tilt-indepedent x%,. Section 8.1 discusses the measured values of K. and
Ky and their associated uncertainties. Final values of K, = 8.3 + 0.6 x 1073 ergs
and Ky =91 £ 7 mN/m are determined. In Section 8.2 the determined B-values are
further analyzed in order to evaluate the Hamaker parameter which mediates the van

der Waals interaction between bilayers.
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Table 8.2: Tilt-dependent and -independent fitted parameter values for DOPC exposures measured between 2013 and

2015. *
Parameter [units] 2013 2014 2015
D1 [A] 59.9 60.7 629 63.0 638 | 61.1 63.3 634 | 589 623 63.8 63.8
K. [x107'3 ergs] 94 84 79 77 80 82 77 79 8.2 9.6 85 87
B [x10'% ergs/cm?] | 46 25 90 86 7.7 13 72 73 30 13 70 69
.Lhu Ky [mN/m)] 94 98 92 91 90 80 85 85 85 83 107 91
a [A] 11 14 15 15 15 | 16 17 16 | 15 15 18 16
X2 2777 2.828 2.445 2.278 2.484 | 2.544 1.665 2.192 | 6.018 9.933 1.471 1.695
K. [x107' ergs| 93 68 65 64 6.6 6.5 63 6.5 6.5 7.5 74 7.3
W B [x102ergs/em’] | 46 25 96 90 80 | 14 78 78 | 30 13 72 71
X2y 4.451 3.814 3.012 2.740 2.901 | 3.079 2.073 2.721 | 6.631 12.073 1.660 2.031
ratio Qﬁﬁxwﬂ;v 160 135 123 120 117 | 121 125 124 | 110 122 113 1.20

* Parameter values are listed without their negligible uncertainties due to the analysis, see Section 7.6.

t The D-spacing is the same for tilt-dependent and -independent.

f The Kp- and a-values were fixed to 5000 mN/m and 4 A, respectively.
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8.1 K.and Ky

Both the values of K. and Kj listed in Table 8.2 are plotted as a function of year in
Fig. 8.1. Besides experimental concerns, the year an exposure was taken is of little in-
terest. The more important consideration is that DOPC samples from different years
are different DOPC samples. Therefore, the year to year differences of the average
K. and Ky-values (weighted by 1/x%,) and their spreads are listed in Table 8.3 and
interpreted as sample variation. The uncertainty values in Table 8.3 are much greater
than the uncertainty of the individual fitted parameter values due to the curvature of
the y2-space, see Section 7.6. Therefore, the “intrinsic” uncertainty of the parameter
values was neglected. The 2013 and 2015 DOPC samples appear consistent with each
other but inconsistent with the 2014 sample; however, all averages and uncertain-
ties were calculated using fewer than 6 values. More statistically robust estimates of
K.=8440.6 x 1071 ergs and Ky = 90 +£7 mN/m are determined by averaging all
fitted values. The final averages and associated uncertainties are likely to have both
statistical and systematic contributions from both the X-ray scattering analysis and

the sample preparation.

T T T T T T 110
| |
95 ] "
n
%
L 1100
5 ool ] . =
[ap]
L : : B
= 850 o - " Ja z
X
X . . B,
Q 80l = ] . .
n [ ] | |
n n - ] 480
1 1 1 1 1 1
2013 2014 2015 2013 2014 2015
year year

Figure 8.1: The tilt-dependent values of K. and Kjy listed in Table 8.2 are plotted as
a function of year. In 2014, there were two exposures, both with fitted Kjy-value of
85 mN/m.

In principal, K. and Ky are mechanical properties of single membranes, and only
B is an attribute of the bilayer stack. However, all three moduli might function as
effective parameters in describing the bilayer stack height-height correlation function,

and therefore, the determined K. and Kj-values could reflect a mixture of single
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Table 8.3: Average K. and Kjy-values for DOPC samples from 2013 - 2015.

Parameter [units] ‘ 2013 2014 2015 All
o K. [x10"%ergs] | 82407 7.9403 8.6+0.6]|83=+06
Ky [mN/m] 0343  84+3 97+11 | 9147
e K. [x107B ergs] | 70+£1.2 64+01 7.3+0.5|69+0.8

and stacked bilayer properties. To assess this concern, the K.- and Kjy-values listed
in Table 8.2 are plotted as functions of D in Fig. 8.2. The determined K. and Kjy-
values appear independent of the repeat distance perpendicular to the bilayer planes,
and therefore, they appear to be single membrane attributes consistent with their

theoretical definitions in Section 3.1.
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Figure 8.2: Tilt-dependent values of K. and K, listed in Table 8.2 are plotted as
functions of D.

The tilt-dependent and tilt-independent K .-values are listed in Table 8.3. The tilt-
dependent K -value is on average about 20% larger than the tilt-independent value.
This is understandable because the total softness of the membrane was formerly
modeled just by a K. “spring constant”; adding another softening degree of freedom

requires K, to increase for the same degree of overall softness. However, the system



Chapter 8. Results for Many DOPC' Samples 171

is more complex than two ideal springs in series since the system’s response to K.
and Ky is Q),-dependent. Furthermore, the inclusion of tilt should not greatly modify
the determined K.-value compared to the tilt-independent analysis because the tilt-
dependent height spectrum is only inconsistent with the tilt-independent spectrum

for large @, (short real space length scales), see Fig. 3.4.

Comparing to Literature Values

The composite tilt-dependent and -independent determined value of K./(kgT') from
all three years is compared to some literature experimental and simulation values
listed in Table 8.4. The values listed above the single horizontal line were previously
summarized and reported [16]. The first “X-ray stacks” value is a literature average
using a tilt-independent analysis [48] on data taken before 2013. Red values were
determined in this thesis, and blue values were reported earlier by me using a tilt-
dependent analysis and DOPC exposures from 2013 [32]. 2 The 2013 - 2015 composite
tilt-independent K./(kgT)-value of 16.5 £ 1.9 is consistent with the corresponding
value of 18.2 + 2.7 determined by others using DOPC data prior to 2013.

The K.-values determined by the tilt-dependent analysis are more consistent with
the K -values determined by shape fluctuation analysis and molecular dynamics (MD)
simulations than the K .-values determined by the tilt-independent analysis. However,
even the tilt-dependent “X-ray stacks” K.-values are less than the values determined
by shape fluctuation analysis and most results from MD simulation. All five values
from MD simulations were determined using the same all-atom CHARMM simulation
but using different methodologies to extract a K -value. For the first three K .-values,

different real space interpretations of the lipid director were used;

2TThe 2014 [32] and current X-ray scattering analysis software are slightly different. The 2014
analysis followed previous analyses [48] except that it used a structure factor expressed in cylin-
drical coordinates, see Section 5.1, and g,-dependent integration limits for the CCD integral, see
Section 5.3.5. Other modifications to the experimental structure factor detailed in Chapter 5 were
implemented after the submission of [32]. Both the current and the 2014 versions of the analysis
software were used to analyze DOPC exposures from 2013 and determined similar values of K. and
Kp; 8240.7 x 10713 ergs vs 8.3+ 0.6 x 10712 ergs and 93 + 3 mN/m vs 95+ 7 mN/m for now and
2014, respectively.



Chapter 8. Results for Many DOPC' Samples 172

Table 8.4: Values of K./(kgT) determined from various experimental procedures and
molecular dynamics simulation. Values were adjusted to 30 °C.

X-ray stacks MM GUV®  tethers® GUV  Shapes® GUV MD Simulation
182427 06> 191 +22 871 16+2 68 265+ 2.7 B9

15.14+1.6 41> 234£2200 234 501 24 4 2 [90]

16.5 +0.7 32> 26.6 4+ 0.7 *11
19.8 + 1.4 BA< 27.0 12512
165+1.9° 25.4 125]3
19.8+£1.4 < 24.5 [25]1

22.1+ 1.1 28]

@ micromechanical manipulation of giant unilamellar vesicles (GUV)

b pulling cylindrical tethers

¢ analysis of shapes

> tilt-independent analysis

< tilt-dependent analysis

123 GQee [25] Supporting Information; number corresponds to tilt definition in thesis text
© See [25] Supporting Information; used method described in [86]

1. unit vector which points from the midpoint between a lipid phosphorous atom
and glycerol C2 atom to the midpoint between the terminal methyl atoms on
the lipid tail

2. unit vector which points from phosphorous atom to the mean point between

terminal tail methyl atoms

3. unit vector which points from the glycerol backbone C2 atom to the mean point

between terminal tail methyl atoms,

and the spectrum associated with the longitudinal component of the director field
was analyzed, conceptually following [22]. The fourth K .-value used Definition 1 for
tilt, and the height spectrum was analyzed. The fifth K .-value was determined using
a real space analysis method first described by Khelashvili et al. [86]. Clearly, the
K -value determined from MD simulation is dependent on the details of the analysis
method [21], and for at least one of the methods the determined K -value is consistent
with the most recent tilt-dependent “X-ray stacks” value.

The determined value of Kj is compared to literature values in Table 8.5. The
red value was determined in this thesis, and the blue value was reported earlier

by me using a slightly different tilt-dependent analysis and DOPC exposures only
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from 2013 [32]. The first two “Generic” Kp-values are estimates based on relations
between a tilted lipid and its interfacial area or chain length, respectively. Both

models hypothesize that Ky ~ 27y, Where 7,y is the oil-water surface tension. 2

Table 8.5: Values of Ky determined from experiments and MD simulations.

Ky Temp.
Lipid | [mN/m] [°C] | Method Ref.
0+£7 30 LAXS
9% +7 30 | LAXS [32]
24 (48*) | 30 | wide angle X-ray scattering | [93]
DOPC | ~80 T# 30 | united atom [23]
66 2% | 249 | all-atom CHARMM [25]
752 | 249 | all-atom CHARMM [25]
563 | 24.9 | all-atom CHARMM [25]
100 coarse estimate [31]
Generic 100 NA | coarse estimate [93]
160 1 mean-field theory [94]

T 2x reported monolayer value

! assuming area is 70 A2

* assuming basic unit is chains (molecules)

123 See Supporting Information; number corresponds to director definition in text

Similarly to the K .values determined from MD simulations, the determined Kj-
values are sensitive to the definition of tilt; depending on the tilt definition, the
Ky-values extracted from the simulation vary by about +15%. The value reported
in [23] and the largest Kjy-value from [25] are only about 10 and 20% smaller than the
experimental Ky-values, respectively. Yet another interpretation of the lipid director
may yield better agreement between the experimental Kjy-value and analysis of the
spectrum associated with the transverse component of the director spectrum [25].
Finally, the fields of molecular models could simply give different values even if the
analysis is perfect.

The inconsistency of the X-ray and MD simulation determined values of K. and

Ky is further evaluated by fitting measured X-ray data, fixing the value of Ky to

284, decreases by only ~0.3%/°C [92], suggesting that temperature differences between MD and
LAXS are insignificant in Table 8.5.
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be the MD simulation determined value of 66 mN/m. Table 8.6 lists the results
of fitting two exposures where Ky was fixed. In both cases the determined K .-value
increases but not by enough to agree with the K .-value determined via MD simulation
(11.1 £0.3 x 10713 ergs). Also, while x2 ; only increases modestly, the increase in x?
is more than 1000.

Table 8.6: Fitted parameter values for Ky fixed to MD simulation determined value
of 66 mN/m.

2014 2015
Parameter [units]

D [A] 61.1 63.8
K. [x1071% ergs] 85 8.2 9.3 85
B [x10' ergs/cm?] | 13 13 7 7
Ky [mN/m] 667 80 | 667 107
a [A] 18 16 23 18
Xy 2574 2544 | 1512 1.471

t indicates a fixed parameter value.

Besides the X-ray scattering analysis detailed in this thesis, no other experimental
technique has measured Ky. Both mechanical manipulation [15] and shape fluctua-
tion analysis [14, 17] of giant unilamellar vesicles are unlikely experimental candidates
for determining Ky because they primarily probe long length scales for which Ky only
marginally affects membrane mechanics [93]. Since Ky most significantly influences
short length scales, measuring its value in real space may be experimentally imprac-
tical. In contrast, it is plausible that the far-field elastic scattering from single bilay-
ers could be analyzed to determine Ky, see the second Subsection in Section 8.1.1.
Alternatively, the value of Ky may be assessable by experimental techniques that
investigate membrane dynamics. However, complementary theoretical work remains
outstanding, not altogether unexpected given that theoretical and experimental work

on tilt-dependent membrane mechanics is rather recent.
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8.1.1 Future Work
Remarks Regarding Stacked Bilayers

Overall, the values of K. and Ky determined by the tilt-dependent analysis of X-
ray scattering from stacked lipid bilayers compare favorably with other experimental
methodologies as well as with simulations. Still, there remain inconsistencies worth
investigating. There are many possible reasons for the discrepancy between K. and
Ky-values determined by various methods as compared to the X-ray method detailed
in this thesis. Unlike all other methods in Table 8.4 which investigate single bilayers,
the samples in the X-ray scattering analysis are multilamellar, and in part, this differ-
ence may account for differences in the K.-values listed in Table 8.4. Although, the
difference in determined K.-values for single membrane techniques is at least as large
as the difference between X-ray stacks and shape analysis of GUVs. Additionally,
the K, and Kjy-values determined by the tilt-dependent analysis of X-ray scattering
from stacked bilayers are not obviously corrupted by intermembrane interactions since
they do not appear to depend on D, see Fig. 8.2 and the associated discussion in the

second paragraph of Section 8.1.

The “X-ray stacks” tilt-dependent K.-value may be inconsistent with K .-values
determined by shape fluctuation analysis and simulations because the modeling of the
X-ray scattering from stacked bilayers remains inadequate, even after the implemen-
tation of a tilt-dependent model. In Section 7.1, it is shown that the tilt-dependent
model systematically deviates from the measured intensity, see Fig. 7.5. Critically,
the scaled residuals are larger for smaller ¢,. In other words, the tilt-dependent pre-
dictions are more accurate for shorter length scales as compared to longer length
scales. Both sample-dependent details and theoretical shortcomings could yield the
aforementioned long length scale discrepancies.

Long length scale correlations in the sample are sensitive to several sample-
dependent factors such as the domain distributions, the supporting substrate, the
sample’s free upper surface, and defects. Neglecting the scattering specific to the
aforementioned features and focusing on their effects on the stacked bilayers, the
primary effect of all these possibilities is to alter the boundary conditions for the
calculation of the height-height correlation function. In general, boundary conditions
more significantly affect long length scale correlations as compared to short length

scale correlations, possibly explaining the increased scaled residuals at smaller g,



Chapter 8. Results for Many DOPC' Samples 176

as compared to larger ¢,. Height-height correlation functions can be calculated for
boundary conditions other than periodic ones, and the corresponding X-ray scatter-
ing predictions can be compared to measurements. Such theoretical and numerical
endeavors are likely to be quite laborious because most boundary condition choices
lead to a less analytically tractable theory compared to periodic boundary conditions,
see Section 3.3.3. Additionally, the aforementioned increased scaled residuals occur
at 0.01 < ¢,

600 A. The current analysis suggests that the in-plane size of sample domains are

< 0.1 A= which correspond to in-plane lengths between about 60 and
much greater than 600 A (see Section 7.2), and therefore, boundary conditions are
unlikely to be the most significant source of deviations between the current analysis
and the X-ray scattering measurements.

The deviations between the tilt-dependent X-ray predictions and the measured
intensity at 0.01 < ¢, < 0.1 A~! may be attributable to deficiencies of the bilayer
stack free energy functional, see Section 3.1 specifically Eq. (3.4). Conceptually, the
stacked bilayer free energy can be decomposed into terms dependent on fluctuations
within a given membrane (intramembrane terms) and terms dependent on fluctuations
that explicitly couple different membranes (intermembrane terms). F, Eq. (3.4) is
reproduced and the intramembrane and intermembrane terms are indicated by red

and blue underlines, respectively,

1
Fo=3 Z/ d’r [Kc (V22 + Vi) + Koliy|® + B (25, — ZJ)Q] - (81)
i A

Within the complete Watson et al. model [1], there are several more terms than in
Eq. (8.1), but the majority of additional terms describe the peristaltic contributions
to the single membrane free energy. Since the deviations between the current theory
and X-ray measurements occur for ¢, < 0.1 A~ (in-plane lengths greater than about
60 A), the peristaltic modes which correspond to thickness fluctuations are unlikely
to be significant for in-plane lengths much greater than the bilayer thickness (about
45 A).

Alternatively, the intermembrane term could be extended to be a function of fields
besides the bilayer midplane field z;r Fully hydrated bilayers in a stack are far enough
apart that fields involved in the peristaltic part of the complete Watson model are

unlikely to be significantly correlated between different membranes. Still, neglecting
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protrusions, there are two fields besides z;' involved in the undulation part of the

Watson model to consider; m;(r) and ¢;(r), where ¢; describes the deviations of the
surface separating the two monolayer leaflets from z;“ [1]. Possible new harmonic

intermembrane terms include

1
§B’ (g1 — 6—-’_)2 (8.2)

and

1 .
53” my| (2, — %), (8.3)
where B’ and B” are new bulk moduli and the m-dependent term follows from sym-
metry arguments [40] (see pp. 337-339). However, these new terms may be less

significant than known anharmonic intermembrane interactions dependent on z;“ [95].

The deviations between the tilt-dependent X-ray predictions and the measured
intensity may be related to inadequacies of the model bilayer electron density, see

Section 3.2.1 specifically Eq. (3.7) reproduced below,

pilr.2) = pu([2 = 3D = 27 (1)] W (x), Py(v)). (8.4)

The current electron density p;(r,z) Eq. (8.4) is a minor extension of the classic
smectic A electron density [40]. p;(r,z) # ps(z) primarily because of fluctuations
in 2z
broadened by protrusion modes, see Section 3.2.1; the geometric factor ,(r) and the

(r), where ps(2) is the electron density of a single static membrane inherently

en masse peristaltic field Pj(r) are of secondary importance. To predict the X-ray
scattering for 0.01 < ¢, <0.1 A~ (in-plane lengths between 60 and 600 A), it may be
necessary to express the bilayer electron density explicitly respecting internal degrees
of freedom. For example, the bilayer electron density could be expressed as the
sum of monolayer or lipid molecule electron densities. Either of the aforementioned
perspectives is likely to yield a bilayer electron density in which fields other than z;f

start to become relevant.
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Complementary Single Membrane X-ray Experiment and Analysis

In principal, the X-ray scattering from single lipid bilayers could be measured and
analyzed to determine K. and Ky, thereby probing the extent to which the values
determined using the X-ray stacks methodology deviate from single membrane values.
Instead of a stacked bilayer free energy functional, a single (s) membrane model, like
Fs Eq. (3.3), could be used. The predicted X-ray scattering would be of a form similar
to Eq. (3.20) except that the subscript zeros and sum over out-of-plane index values

are discarded,

L(q) = / / Lr ' ¢ exp {—%2 ([*(r) - z+(r')}2>} (F(r,q.)%). (85)

where

Fira) = | Z 4z Wp {iq.5) (W)} (8.6)

The single membrane height-height correlation function <[z+(r) — 2t (r )]2> can be
derived using F; Eq. (3.3). The analysis of the described scattering experiment is
straightforward; however, the scattering experiment is quite challenging. To reach
most single membrane samples, the incident X-rays must travel a significant distance
through bulk water, greatly attenuating both the incident X-ray intensity and scatter-
ing intensity. Additionally, since scattering intensity is proportional to the amount
of material in the X-ray beam, the scattering intensity from a single membrane is
likely much weaker than the scattering from stacked bilayers. The aforementioned
experimental issues can be mitigated by using high energy X-rays (longer 1/e-length
in water) and large surface area membranes. Already, the X-ray scattering from
single solid supported and “floating” bilayers at the solid-water interface have been
measured and analyzed [96, 97, 98, 99, 100, 101]. Removing the supporting substrate
entirely such as in vesicles has the advantage that the free energy model does not
contain a term describing the bilayer-substrate interaction [101]. A single GUV could
be held at the end of a pipette while X-rays scatter from the opposite end of the
vesicle. Further, the vesicle’s surface tension could be modified in situ between X-ray

exposures.
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8.2 B

In Table 8.2, the value of the bulk modulus B decreases as a function of increasing
D, a previously described effect [102]. The tilt-independent B-values are often larger
than the values of B determined by the tilt-dependent analysis. The variation in
the value of B is related to the increased K .-value determined by the tilt-dependent
analysis, and the different roles of K. and B in the relation for the height-height

correlation function h;(r/&, ¢, 1),

hj(r/€7€7 7') = 2—71_2 dv . h = , (87)
Wi AV
where
¢ = {/K.JB (8.8)
and

. WkBT
T oD KRB

(originally from Eqgs. (3.81), (3.59), and (3.79), respectively). ¢ is an in-plane bending

(8.9)

dependent length scale, whereas 7 is a multiplicative factor. For small r, the value of
hi(r/&, ¢, 7) is proportional to  and the integrand is independent of €. 2 h;(r/&, ¢, T)
Eq. (8.7) is plotted in Fig. 8.3 using the last 2014 column in Table 8.2. The tilt-
dependent and -independent correlation functions are similar for small r (r < &,
where € ~ 35 A is typical) and j, but are increasingly dissimilar for increasing r and
7. Intuitively, the best tilt-independent parameter values are the ones that yield a
height-height correlation function h;(r/&,0,00) that mimics h;(r/&, ¢, T) calculated
using the tilt-dependent parameter values. Since the tilt-independent K.-value is

less than the tilt-dependent K., the tilt-independent B-value must be greater than

29However, 7 is dependent on £. For large v, the integrand of Eq. (8.7) decays like v—!. Therefore,
for small r, Eq. (8.7) is approximately independent of &.
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the tilt-dependent B for the tilt-dependent and -independent 7-values to not be too
dissimilar. If the n-values significantly differ, the tilt-dependent and -independent
h;(r/&, ¢, ) will disagree for small 7.
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Figure 8.3: Tilt-dependent and -independent height-height correlation functions

h;(r/€&,€,7) and hj(r/€,0,00), see Eq. (8.7), are plotted as functions of r using the
red parameter values in Table 8.2.

Using the values of B and D in Table 8.2, the Hamaker parameter mediating
the van der waals interaction between bilayers is determined. First in Section 8.2.1,
following the derivation using the discrete smectic A model [58], the fluctuation free
energy per unit area Jjy is derived using the tilt-dependent model. Then in Sec-
tion 8.2.2, the values of B and D in Table 8.2 and Fy are used to determine the

fluctuation pressure, and subsequently, the Hamaker parameter is evaluated.
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8.2.1 Fluctuation Free Energy: AFy

In Appendix D.4, the tilt-dependent fluctuation free energy per unit area of one
bilayer AFy is derived. Quoting the final result Eq. (D.29),

~  kgTD [™P /”/a ( 4sin? (Q,D/2) - )
AFq = dQ. dQ, Q,In 1+ 1+ )
fl 87T2 _a/D Q 0 Q Q €4Q% ( £¢9Q )
(8.10)
In the limit & — 0 and a — 0,
lim AFy = AFH (8.11)
fg—)o
a— o0
kgTD /“/D /°° < 4 sin? (QZD/Q))
= dQ. dQ, Q. In 1+ 8.12
87* )/ “ 0 @@ ¢&'Q; (812)
ksT [ B
=20 = 8.13
o VI (8.13)

where A]%M is the tilt-independent fluctuation free energy per unit area of one bilayer

and was previously derived [58].

8.2.2 Hamaker Parameter

The D-spacing is hypothesized to be determined by a competition between several
pressures [58, 102]: the osmotic pressure Py, the fluctuation pressure Py, the repul-

sive hydration pressure F,yq, and the van der Waals pressure Pyqw,

0 = =Posm(Dy) + Pa(Dy,) + Paya(Dy) = Praw(D5,), (8.14)

where DJ is the interbilayer water spacing,
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Piya(Dy) = Puexp {—=Dy,/An}, (8.15)
H /1 ) 1

Puaw (D) = — | =5 — + ) 8.16

aw(Ds) 6 (Dvé” (DI + D) (D +2D})? (8.16)

H is the Hamaker parameter, and D} = 44.8 A [102] is the steric bilayer thickness,

D\, =D — D, (8.17)

Py = 0.55 x 10% J/m? and A\, = 2.2 A are well-determined from previous work [103].
At full hydration P., = 0, and therefore, if Py is known, the only unknown in
Eq. (8.14) is H the Hamaker parameter.

Using the fitted parameter values from Table 8.2, Py is determined. Only the tilt-
dependent quantities are significantly discussed, but the corresponding tilt-independent
analysis is also completed to compare the results. First, AFy Eq. (8.10) is evaluated
and plotted as a function of D/ in Fig. 8.4. The dashed lines are exponential fits to
the data, suggesting that

AFq ~ exp{—D. /Ma}, (8.18)

where A\g = 5.3 £0.5 A (M = 594 0.4 A). Of note, the analytical theories that
predict the exponential dependence of AFy on D!, see Eq. (8.18), also predict that
Ag = 2\, [103]. For both the tilt-dependent and -independent models, A\g > 2\, =
4.4 A, consistent with previous experimental work, see Table 8.7. Using Eq. (8.18),

the fluctuation pressure is

OATF; ATy
Pr=— = . Nl
- (27 - 19

At full hydration (FH) Eq. (8.14) simplifies,
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Figure 8.4: Afﬁ“{ and AFy are plotted as functions of D! . The dashed lines are
exponential fits to the correspondingly colored data.

Table 8.7: Tilt-dependent and -independent values of A\g and H.

Parameter [units] tilt e
An [A] 53+0.5 59404 5810102 5903
H [x107%]J] | 64404 |61+04 5.4 10
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0 = Pa(Dy,) + Puya(D5,) — Peaw(Dy,). (8.20)

Using Py Eq. (8.19), AFy Eq. (D.29), and Dy = 63.8 A, the Hamaker parameter is
H=64404x10"2"J (I = 6.1 +£0.4 x 1072' J). I*' is slightly larger than the
previously determined value of 5.4 x 107! J [102]. Unlike the current analysis, the
previous work only considered data from a single DOPC sample. The tilt-dependent

H is greater than HA hecause P,qw must increase to balance the increased Fj.



Chapter 9
Conclusions

This thesis has reported experimental evidence supporting the enrichment of the clas-
sic Helfrich-Canham membrane model to include tilt-dependent terms. The current
work has described a tilt-dependent analysis of the X-ray scattering from oriented
stacks of fluid phase lipid bilayers. Several X-ray exposures from different DOPC
samples have been analyzed, and final single membrane mechanical moduli values of
K.=8440.6 x 10713 ergs and Ky = 90 & 7 mN/m were determined at 30 °C. The
tilt-dependent K .-value is more consistent with literature values than the K .-value de-
termined using a tilt-independent analysis. However, the determined tilt-dependent
K -value is between 15 and 25% less than most values determined from MD sim-
ulations. The experimentally determined Kjy-value is between 10 and 20% greater
than values reported from MD simulations. As of yet, there is no other experimental
technique that has determined the value of K.

The tilt-dependent X-ray scattering analysis is briefly summarized. First in Chap-
ter 3, a tilt-dependent stacked bilayer free energy functional was hypothesized, based
on a recent single membrane tilt-dependent free energy. Then, a tilt-dependent
stacked bilayer electron density was posited, and a novel form factor / structure factor
separation was derived. Within this analysis, the height-height correlation function
remains the most important statistical quantity for predicting the X-ray scattering
from stacked bilayers. The tilt-dependent height-height correlation function was de-
rived, and in Chapter 4 an approximate analytic form for long in-plane length scales
was derived. Like the tilt-independent theory, the tilt-dependent height-height corre-
lation function logarithmicly diverges with increasing in-plane length scale, yielding

quasi-long range order of the stacked bilayers. In Chapter 5 the theoretically pre-
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dicted intensity was modified by several sample concerns including domain sizes and
mosaicity and several experimental issues such as X-ray beam coherence, geometric
broadening, and absorption of the incident and scattered X-rays. In Chapter 6, it was
shown that all three mechanical moduli K., B (bulk modulus that mediates inter-
membrane interactions), and Ky are plausibly determined by the new tilt-dependent
X-ray scattering analysis. In Chapter 7 measured scattering intensity from a single
X-ray exposure of stacked DOPC bilayers was analyzed using both tilt-dependent
and -independent models. The tilt-dependent model was shown to better account for
the measurements, supporting the extension of the classic Helfrich-Canham model to
include a tilt degree of freedom. Finally in Chapter 8, many exposures from three
different DOPC samples were analyzed yielding the average K.- and Kjy-values and
associated uncertainties quoted above.

Much theoretical and experimental work relies upon the Helfrich-Canham model of
membrane mechanics. It is unlikely that the recent tilt-dependent models will quan-
titatively influence all previous membrane-related work; however, the tilt-dependent
perspective in which internal degrees of freedom are quantitatively considered may
eventually be pervasive in the membrane research community. As mentioned in the
Introduction, the relatively recent tilt-dependent models should motivate new and

exciting future work, especially now that they are experimentally supported.



Appendices

187



Appendix A

Chapter 3: Some Details in

Theoretical Derivations

A.1 Free Energy Involving a Hermitian Matrix

In Section 3.3.1, the stacked membrane free energy functional F, Eq. (3.39) is ex-
pressed in Fourier space in terms of a matrix equation involving a Hermitian matrix,
see Eq (3.51). Below, the relation between a Hermitian matrix and various thermal

averages is derived.

If orthonormal eigenvectors of a Hermitian matrix H are chosen and written as

the columns of an orthogonal matrix, @, then H can be expressed as

H = ODO” = ODO ™, (A1)

where D is a diagonal matrix whose elements are the eigenvalues of H, A\;. The
spectral theorem ensures that such a decomposition always exists for a Hermitian
matrix. Additionally, the fact the Q7 = O~ for an orthogonal matrix was utilized.
Substituting Eq. (A.1) into the general form for a free energy functional written in

matrix form, see Eq. (3.51) for an example,
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w
I

(f(=Q)H[F(Q)) (A.2)

(f(-Q)|0DO [ £(Q)) (A.3)

(9(=Q)ID|g(Q)) (A.4)

NI~ NI~ N~ N

o[ 2] 2] <[]

> A (9(=Q)ly(Q)) (A.5)

7

where normal coordinates, |g) = Q7| f), were introduced. Applying the equipartition

theorm to the normal coordinates, ¢;(Q),

9:(Q)g;(Q')
)\i< : >th = kBQTai,j(sQ’_Q, (A.6)

where ()¢, denotes a thermal average. Rewriting Eq. (A.6) as a matrix equation,

(l9@)g(@)]) = kaTD g - (A7)

Working towards an equation in terms of | f(Q)) by rewriting Eq. (A.7),

(0lg(Q)(9(Q)|0") = knTOD™'O dq o (A.8)

th

(IFQYFQ@)]) = keTH 5q, o (A.9)

Various thermal averages involving | f(Q)) can be expressed in terms of H™'.

A.2 \I/j(r)

In Section 3.2.2 the small variance of Wy(r) was used to justify a simplification of
I;(q) in Eq. (3.17). The following several subsections validate the aforementioned
claim regarding Wo(r). In Subsection A.2.1, U;(r) is expressed in terms of more

analytically useful fields. Then, in Subsection A.2.2 the variance of Wy(r) is shown
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to be small. Finally, the transition from I?(q) Eq. (3.17) to IP(q) Eq. (3.20) is
established in Subsection A.2.3.

A.2.1 Reformulation

Using the definition of ¥;, Eq. (3.7),

“NV .z - NP .2
(

Uy = 0 (A.10)
N(()l) ,n(()l) + N(()2) . n02)
(1) (2)
_ Cos oy + cos oy,
= D @ (A.11)

COs (" + COS (g

where a](f ) is the angle between the local bilayer normal —N) and z and aéﬁ ) is the

angle between the local lipid director n® and N . 3 identifies the upper (1) or

lower (2) monolayer leaflet. Assuming that osz ) and o/ are small, ¥y Eq. (A.11) is

4 4

approximated,
\IJO ~ tan? a<1)j—tan2 @ <A12)
2+ L ¢
2 2
(1) (2) . ,
~ |1+ <ab > - <ab ) (1— ten® oq” + tan’ oy )> : (A.13)

aé’g )~ V2® for small amplitude out-of-plane fluctuations, and from the definition

of m, it follows that

}m(ﬂ)|2 = tan? ! ~ ’m;@f. (A.14)

Substituting into ¥y Eq. (A.13),
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2 2 2 2
<Vzél)> + <V252)> ‘m((fg)cy + ‘m&y
U~ | 1 1— Al
0 + 1 1 (A.15)
Using the definitions [1],
1) (2)
o= % (A.16)
1 _ @ _
=tk 2b. (A.17)
1) (2)
&= w (A.18)
(A.19)
and
1 _ (2
i = Pay — May (A.20)

2 )

Uy Eq. (A.15) is rewritten in terms of fluctuation fields expressly involved in the

complete Watson Model [1],

Ty ~ 1+% (\Vz;\2+}vz0—\2—|m0|2— ym0|2), (A.21)

where terms of higher order than the free energy functional (quartic vs quadratic)

were neglected.

A.2.2 Variance

The variance of W,

Var [Wo(r)] = (|Wol*) — [{To)[*, (A.22)
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is written in terms of known fluctuation fields using ¥y Eq. (A.21),

W0z1+%QV%f+ﬂV%f—hmf—hmF> (A.23)
4

=1+ 1. (A.24)

i=1

Later sums in this section will appear without explicit limits. Substituting W,
Eq. (A.24) into Var [Uy(r)] Eq. (A.22) and simplifying,

(A.25)

>_p+§jw»2
= 1+22<¢i>+ <’Z@D1 2> — {1+22<¢i>+ ‘<Z@Dl> 2
Dl

Var [¥y] Eq. (A.27) is necessarily small since it involves quantities less than one and
raised to the fourth power. While some of the terms in Var [¥] Eq. (A.27) can

be evaluated, many terms involve a thermal average of a quartic quantity which is

| )

(A.27)

beyond the order of the free energy functional.

A.2.3 Implications

In Section 3.2.2 the small variance of Wy(r) was utilized to simplify an ensemble
average, compare I* Eq. (3.17) and I} (3.20),

<eiQZ[Z(T(r)_Z(T(I")} | Fy(r, Qz)|2> ~ <eZQZ[ZO (r)—zg (r') > <|F0 q.)| > ) (A.28)

The approximation made in Eq. (A.28) is quantitatively evaluated by investigating

the difference of the two sides,

(el @=L 1By (r.g) (| For. ) ) (4.29)
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Specifically, it will be shown that

(1Fo(r o) = (| Folr.a2)[")) =

193

(A.30)

Neglecting, the z;f—dependent part of Eq. (A.29) and using the defintion of Fy(r,q,)

Eq. (3.18),

. z 2! +z
el ( Ty %(r’)) &%= Ty

/ / de 4= pufe Bl P | =5 ta ) (woi)?

Using Wo(r) =1 — 0(r) and ¢ as shorthand for §(r’),

1 n
(@) 25

and

. i z iqz(z+2") Jigz(26+2'8")
exp < iq, + )} ro €i9s (37 it (20F
{ (‘I’o(r) Wo(r')

[e.9]

=€

is (22) Z liq. (20 + 2/5/)]

n=0

(A.31)

(A.32)

(A.33)

(A.34)

since 6 < 1. Using Eqs. (A.32) and (A.34), the Uy-dependent part of Eq. (A.31) is

rewritten,
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o (vt wm) gt
TR REI AL (A.35)
~ 9= (212"),
[ZO 5 Z:Oé/m ; [ig. (z<5j4!r 28 Z; (6)" ZO (5)" ; lig- (2 J;!Z/) (9]
~ CEL g (e + 2807 — 0" " [+ ) OF). (A0

n=0 m=0 j=0

Using the binomial formula

(z+y) = i (‘;) T (A.37)

<> 2.2 (D (i%)j (0)" ()™ (2 (8)) (2" (9)"
[ SO (28)77k (21K
(0)" ()™ (2(0))I74 (2" (9))*

S (D) a5y i o (A39)
(@7 @]

Given Var [Ug] is small (see Section A.2.2), Var [0] is also small. Therefore, (0) =~ 0,

and consequently, the term in square brackets in Eq. (A.40) is approximately zero.

- 1} (A.38)

Since Eq. (A.40) is proportional to the error in the approximation in Eq. (A.28), it

has been shown that
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(e FOTON Ry q)f ) = (HHOED (IREe)P), (A4

the original assertion in Section 3.2.2, compare Egs. (3.18) and (3.19).
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Cartesian Structure Factor

In Section 5.1, the stacked membrane sample is assumed to be composed of cylindrical
domains. Previously, the domains were assumed to be rectangular cuboids [44, 48],
partially motivated by considering the effect of X-ray coherence [48]. Assuming rect-
angular domains the structure factor was expressed in Cartesian coordinates, simpli-
fying many subsequent calculations (see Chapter 4 [48]). It will be shown that the
Cartesian structure factor predicts X-ray scattering features that are not observed.
The cylindrical coordinate many domain (MD) structure factor has been previ-

ously presented, see Eq. (5.9),

Swp (97, q2) = Z/ H.(jD)cos(q.jD) /000 dr rH,(r)Jo(q,7)G(r, J, q.)- (B.1)

J=0

For comparison, the Cartesian (c) structure factor, Eq. (4.5) in [48], is reproduced,

Sﬁ/{D(q:m an QZ>

= Z/ H.(jD)cos(q.jD) /000 dz H,(x) cos(q,x) /000 dy Hy(y) cos(q,y)G(r, j, q-),

(B.2)

where Eq. (B.2) has been written to emphasize its similarities to Eq. (B.1). Indepen-

dent of specific choices regarding the scattering pair correlation function G(r, 7, q.)
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or finite size effects (H,, H,, H,, H,), several general features of the structure factors
can be discussed. Syp and Sy will be large for ¢, = 27wh/D because of the factors
of cos(q.jD) where h € N. Syp will also be large for ¢, = 0 because of the Bessel
function, and similarly, Sy;p will be large for ¢, = 0 or ¢, = 0.

Sup Egs. (B.1) and S§p Eq. (B.2) are shown in Fig. B.1 for ¢, = 27/D as
functions of ¢, and ¢,. The cylindrical and Cartesian symmetries are apparent in the
left-hand and right-hand sides, respectively. In the Cartesian contour plot (right-hand
side), the ridges of large intensity along ¢, = 0 and ¢, = 0 are related to the features
previously referred to as “spikes”, see pp. 66 [48]. The “spikes” could be referred to

as Caillé sheets since they emanate from Caillé peaks [104].
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Figure B.1:  Contour plots of Swp (« /43 + qz, 27T/D), left-hand side, and
S @z, ¢y, 2w/ D), right-hand side, are shown. A logarithmic grayscale indicates the
value, where white corresponds to most intense. Typical parameter value were used
to calculate Syp and Syp.

To calculate the X-ray scattering intensity corresponding to an exposure in which
the bilayer stack was continuously rotated, the structure factor must be integrated

over all sampled incident angles, see Section 5.3.5,

dy,ub
IgCD(Q:w q/:') ~ / de SMD(Q:w va QZ) (B3)

qy,1b
Previously, the integration range was approximated by a ¢,-independent range, see
Fig. 4.5 pp. 60 in Ref. [48]. In Section 5.3.5, ¢,-dependent integration limits were
derived. Examples of the ¢,-independent and ¢,-dependent integration ranges are

shown in Fig. B.2. The solid and dashed lines indicate the range of ¢, values which are
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summed to determine I{qp (¢, ¢.). The g,-independent limits always include g, = 0.
However, only Sy (not Syp) has a ridge of intensity along g, = 0. Therefore, using
¢.-independent limits for the CCD integral is a worse approximation in the S§;, case
as compared to the Syp case. If g,-independent limits are used along with Sy, the
Caillé sheets are predicted at larger g, in I&qp(qs, 2mh/D) than in the g,-dependent
integration limits case because the g,-independent limits always include the ridge of

intensity centered at ¢, = 0.
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qz [A 1]

Figure B.2: A subregion of the ¢, g,-region in the right-hand plot of Fig. B.1 is
shown. Note, the g,- and g,-axes show different ranges. The yellow dashed lines and
red solid lines indicate the range of integrated g,-values for several g,-values for the
¢--independent and ¢,-dependent integration limits, respectively.

The Cartesian structure factor Sy, in Fig. B.1 predicts a feature in the X-ray
scattering that is not experimentally observed. For a fixed incident angle exposure,
a row of CCD pixels (running p,) corresponds to a trajectory in g-space. The ¢,-
value for each pixel in a row is nearly constant, and therefore, the g-space trajectory
is approximately g.-independent (g, g,-trajectory). In Fig. B.3, Sy is shown as a
function of ¢, and ¢, for ¢, = 27/D, and q,, g,-trajectories are plotted for various
incident angles, w. For w = sin™! (%), a trajectory includes the point (¢,, ¢,) = (0,0).
The depicted w-values were chosen to sample a range of w about the Bragg angle

corrresponding to D = 62.8 A, A = 1.1775 A and h = 1 (wP ~ 0.54°).
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In Fig. B.4 the intensity along the g,, g,-trajectories depicted in Fig. B.3 is plotted
as a function of ¢,. The ¢,-axis is approximately a linear function of p,. For w > w¥,
the intensity does not monotonically decay for increasing ¢,. Instead, a peak-like
feature sharpens for increasing w —w®. The feature is due to the trajectories starting
on the g, > 0 side of the intensity ridge and ending on the g, < 0 side. The peak-like
feature is predicted for all ¢, = 2wh/D at g,-values dependent on w. For comparison,
the intensity of Syip along the same ¢, ¢,-trajectories depicted in Fig. B.3 never show
a peak-like feature because Syp does not have ridges of large intensity along ¢, = 0
and g, = 0, see for example the left-hand side of Fig. B.1. The peak-like feature is

not observed experimentally, and therefore, Syp is favored as compared to Syp.
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Figure B.3: A subregion of the g,, ¢,-region in the right-hand plot of Fig. B.1 is shown.
Note, the ¢,- and g,-axes show different ranges. The yellow solid and dashed lines
indicate the ¢, g,-trajectories probed by a row of CCD pixels during a fixed angle
exposure. The h = 1 Bragg angle is wP ~ 0.54°.
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Figure B.4: The predicted intensity along the solid and dashed yellow lines involving
Stp in Fig. B.3 is plotted as a function of ¢, for ¢, = 27/ D; the intensity is normalized
at ¢, = 0.01 A~'. For increasing w beyond w? ~ 0.54°, a peak in intensity develops,
and its center shifts to greater q,.
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C.1 Fluctuations in Electron Density

In Section 3.2.2 the scattering intensity was decomposed into the sum of two terms,

S(a) + Falg:)So(a), (C.1)

I(@) ~ [ ¢))|

where

Fala) = |(Fate ) - [t o] | (©2)

The overline indicates an in-plane spatial average. Commonly, the second term in
Eq. (C.1) is assumed to be negligible compared to the first term; however, the relative
magnitude of the terms is unknown. Retaining both terms, /(q) Eq. (C.1) is further
developed in Chapter 5, considering various theoretical and experimental issues
Fwa|
olr,q: ‘ FA(Qz)
Iécp (s ¢:) = ————Sccn(4e, ¢=) +

z z

SO,CCD(anqz)' (CS)

In Section 6.4, S¢cp, and S¢cp , were calculated and found to have similar magni-

S
tudes. Therefore, the outstanding comparison is between ‘(Fo(r, qz)>’ and Fa(q,).

([Fo(r.q.)") and [(Fo(r,q.))

2
are evaluated using two different models for the

201
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fluctuations of the electron density profile (EDP). Assuming ergodicity, many snap-
shots from a molecular dynamics simulations at different times could be used to
estimate (|Fy(r, qz)|2> and ‘m‘z. As such snapshots are not readily available,
the present analysis uses an in-plane and time averaged electron density of DOPC

from simulation
in(2) = (Pam(r.2)) (C.4)
= (psim(2)) - (C.5)

- -2
To assess <\F0(r,qz)]2> and ‘(Fo(r,qz»’ , a three-dimensional EDP is required, but

Psim(2) 1s one-dimensional. It is assumed that

(R ~ < e >

D/2 2
= </_ dz peim(2)e'®* > (C.6)

D/2
= (|F()?) )

and

Ft ] ~ [(Fra)|

= [(Fo(g:)))
D/2 2
— [(F(g:))[*. (C.9)

Fluctuations in pgm(2) are hypothesized to be out-of-plane extensions and com-
pressions. The energy required to extend or compress the membrane laterally is

related to the compression modulus Ky,
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1 A—-A,)?
EA(A—AO) - QKA% (ClO)
1 (AA)?
= 5K i (C.11)

where A, is the reference area. With the standard assumption of constant volume,
D.A, =V,, where D, is the hydrocarbon thickness and V. is the hydrocarbon volume,

the change in area AA is rewritten in terms of a change in thickness AD,

(D. + AD)(A, — AA) ~ D A, + ADA, — D.AA (C.12)
=V, =D.A, (C.13)

= ADA, = D,AA (C.14)

— AA= A(,%—D, (C.15)

Substituting AA Eq. (C.15) into E Eq. (C.11), the compression energy is expressed

in terms of a change in thickness

1 AD\’
EA(AD) == §KAAO (F) . (016)

For K4 =2.75 x 1072 J/A% A, = 2000 A2, and Ex = kgT/2, AD/D, = 0.028.

C.1.1 Removing Fluctuations

The data from simulation, pZ (2), have already been ensemble averaged. Preferably,
{|Fo(r, qz)|2> and ‘(Fo(r, qz)>2‘ would be calculated from pgp (r, 2). While the in-plane

dependence can not be easily recovered, the states of the ensemble can be determined

given a model for the fluctuations,

Pim(2) = (psim(2, AD, - ) ap, .. (C.17)

where {AD), ...} is the set of fluctuation parameters. In general pgn,(z, AD .. .) is not
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unique. The possible pgm(z, AD . ..) were constrained by requiring pgm(z, AD . ..) to
be of the form

Psim (2, AD), . ZA cos {—f( s (C.18)

where f(z,AD,...) depends on the fluctuation model. pgn(z, AD,...) was deter-
mined by substituting Eq. (C.18) into Eq. (C.17) and performing a nonlinear fit with
fitting parameters {D, A, ..., A,}.

C.1.2 Bilayer Model

Uniform extension and compression of the entire bilayer (B) is considered in this

Subsection. Using Ex Eq. (C.16) and pZ,, Eq. (C.17), psim(z) was determined. Both
P (2) and pgm(z) are plotted in Fig. C.1. Using pgm (2, AD)

Y

pam (2. AD) = pan {(1 - %l: ) z} | (C.19)

(|F|*) Eq. (C.6) and | (F') |* (C.8) are expressed as

2
2 1 > - b 1922
<‘FB(qz>| > = ﬁ/_m d(AD) e PEAAD) /_D/2 dz psim(z, AD)e'= (C.20)
and
B 2 1 > Ea(AD D72 ; i
KF (q,z)>‘ = ﬁ/ d(AD) e BEA( )/D/2dz Psim (2, AD)e'%* (C.21)

where 3 = (kgT)~! and Z® is the partition function,
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0.24-||I||||I||||I||||I||||I||||I||||I||

Figure C.1: The EDP from simulation p%,, (z) is plotted along with the corresponding
EDP with fluctuations removed pgn(2) as functions of the distance z from the bilayer
midplane.

zB = / d(AD) e~ PEAAD) (C.22)

27w D?
- ’/KAAOB' (C.23)

<‘FB‘2> Eq. (C.20), }<FB>|2 Eq. (C.21), and their difference F¥ are plotted in
Fig. C.2. Since pgm(z) is an even function, psm(z, AD) is also an even function,
and therefore, <|F B|2> is similar to |<F B>|2 except that it is broadened in the ¢.-

direction. Consequently, F§ is large where

d
dg.

[(F™)|° (C.24)

is large. F¥ tends to be most (least) significant near the minima (maxima) of | (F®) |2.
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Figure C.2: <’FB’2> Eq. (C.20), |<FB>|2 Eq. (C.21), and their difference F} are
plotted as functions of ¢,. In the right panel, the vertical axis is expanded to highlight
FR. The arbitrary scale of the vertical axis is the same in the left and right panels.

C.1.3 Leaflets Model

In the leaflets model, the two bilayer leaflets are allowed to fluctuate independently.
The leaflet compression modulus k4 and elastic thickness d. are half of the corre-
sponding bilayer values, k4 = K4/2 and d. = D./2. The compression energy for a
leaflet (L) straightforwardly follows from the bilayer model E, (C.16),

1 AD)\?
EkzékAA0< y ) (C.25)
AD\?
o (3)
= 2F,. (C.26)

Using E% Eq. (C.26), pZ,, Eq. (C.17), and Eq. (C.27), psim(2) is determined. pZ ()
and pgm(2) are plotted in Fig. C.3. Using psim (2, AD, AD'),

psim[< _Ad_CD)Z:| ZSO

o [(1-22)2] =50 s

psim (2, AD, AD")

(|F|*) Eq. (C.6) and | (F') |* Eq. (C.8) are expressed as
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Figure C.3: The EDP from simulation p%,, (z) is plotted along with the corresponding
EDP with fluctuations removed pgn(2). The resulting EDP is nearly identical to the
EDP plotted in Fig. C.1.

(|F(g.)[)

1 B B _ /
= ﬁ/_oo /_Oo d(AD)d(AD/) e 28[EA(AD)+EA(AD)]

D/2 P
/ dz p(2,AD,AD") e"%*| |

D/2
(C.28)
and
2
[(F(2)]
1 0 () , D/2 ' 2
= ﬁ/ / d(AD)d(AD') e 2PIEA(AD)I+EA(AD )}/ dz p(z,AD,AD") %% |
N —D/2
(C.29)

where ZU is the partition function,
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zZl = / / A(AD)d(AD') e PIEAAD)+EA(ADY)] (C.30)
nD?
vt (C.31)

<|FL‘2> Eq. (C.28), <FL(qz)>|2 Eq. (C.29), and their difference F are plotted in

Fig. C.4.

Unlike the case of symmetric bilayer fluctuations in Section C.1.2, see the right
panel of Fig. C.2, FX has a single maximum and is significant at maxima of [{ F*(¢.)) ’2.
For individual leaflet fluctuations, pgm(z, AD, AD’) is not in general an even function
of z; both symmetric and asymmetric pgm(z, AD, AD") with respect to z = 0 con-
tribute to <}FL|2> Therefore, <’FL’2> is composed of the fluctuations that result

in <‘FB‘2> in addition to asymmetric pgm(z, AD, AD’) states. Consequently, FX to
an extent is an envelope for FX. It is plausible that a bilayer experiences both sym-
metric and asymmetric thickness fluctuations, and therefore, F¥ is considered more
realistic than FX. Importantly, FX(q.) is consistent with the use of a small, smooth

background that is commonly drawn in this lab to give zeroes in |(F/(q.))|".

35F ' L 0.010
30t 4 ]
] = 0.008
] 2 I
< o — ) ] z
2 1 =
Z 20f --= (IFH) 1t 0006 £
2 sl — FX ] \ 1 2
£ - ] - 0004 o
5 tof i £
1 = 0.002
o5t /\ § ]
0.0 =2 T T .m ........ (. |- 1 1 1 1 1 1 0.000

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

qz [A_l] qz [A_l]

Figure C.4: <|FL‘2> Eq. (C.28), <FL>}2 Eq. (C.29), and their difference FX are
plotted. In the right panel, the vertical axis is expanded as compared to the left
panel to highlight FX. The arbitrary scale of the vertical axis is the same in the left
and right panels and the same as used in Fig. C.2.
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C.2 Undulation Correction

The undulation correction (UC) is a rescaling of the electron density profile normal
to the bilayer plane, see Eq. (7.21). The influence of Wyc on the electron density
(or form factor) must be considered to compare various experimental, simulated, and
theoretical results. The UC is akin to a normalization. As a common example, con-
sider both an experiment and a simulation studying a single lipid bilayer. Because
of computational limitations, the simulated membrane has a much smaller area than
the experimental system, and that reduces the fluctuations compared to the exper-
imental system. Indeed, only for simulations of very large area membranes is UC
required [105]. Without employing a UC, the electron densities (or form factors)
of the experimental and simulated systems may differ because of the difference in
their allowed fluctuation modes. A similar argument could be made with regard to

experimental results from unilamellar vesicles and oriented multilamellar arrays.

Utilizing a calculation completed by N. Lei [56, 106] and F. Auguste et al. [107], a
correction for the fluctuating local bilayer normal V,z;-r was previously suggested [39].
However, only the connection between the aforementioned fluctuations and the results
for lipid area were made [48], although the connection to modifications of the form
factor have been used routinely in this lab [85]. Section 7.5 clarifies the extent to
which a UC affects the measured scattering. Below, a tilt-dependent UC will be
derived with discussion relating to the tilt-independent UC. In Appendix A.2.1 ¥,
was decomposed in terms of more convenient fluctuation fields. Using Uy Eq. (A.21)
and the definition of ¥y Eq. (7.19),

W~ 1+ 5 (V) + (9217 — i) — (o)) (C.32)
=1+ % i vl (C.33)

Note, z, (r) and my(r) are fields involved in the peristaltic part of the complete
Watson et al. model [1]. Anticipating later results, Uy is derived only considering
<’VZO+|2> in Section C.2.1. In Section C.2.2, it is shown that (|mg[?), (|Vz;|), and
(|/my|?) are approximately system size independent. When comparing two systems
with radii greater than ~220 A,
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2—4 i
vt =30l (C.34)

4
=2
is the same for both systems. Therefore, after correcting each system using the
appropriate <|Vzar ‘2>, the remaining short length scale fluctuations of the systems
are consistent. This is an important point since \11%264) depends on many moduli
that are currently unassessable by experiments. Previewing the main conclusions of
Sections C.2.1 through C.2.2, the values of Wy are listed in Table C.1 using parameter
values listed in Table C.2.

Table C.1: Contributions to Yy and Vye using values from Table C.2.

value (Eq. #)
Watson! Tiltt Tttt

<\Vz0+|2> 0.022 (C.40) | 0.030 (C.46) | 0.019 (C.46)
{|mol*) | 0.019 (C.66)
<\Vz0—|2> 0.007 (C.71)
(C.72)
(C.33)

EXmof?) | 0.015 (C.72

Yyc 0.998 (C.33

1.015 (C.48) | 1.010 (C.48)

t using parameter values from [1], B, and a; see Table C.2

! using parameter values from Section 7.1; see Table C.2


jnagle
Sticky Note
These two m terms should not be included in the UC correction as noted on page 30, so the Watson column should be ignored.

jnagle
Sticky Note
Marked set by jnagle
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Table C.2: Parameter values from [1] and Section 7.1.

parameter [units] value description
bp [nm] 1.8 average monolayer thickness
kg [J/mm?] | 5.4x1072° | tilt modulus
kb [J] 7.7x107?° | bending modulus at constant chain length
= ka [J/nm?] | 2.6x107'° | compressibility modulus
Q  [J/nm] 1x1071 | cross-term modulus
Kiw [J] 7.7x1072! | twist modulus
ke [J] 6.7x1072° | bending modulus at neutral surface
K. [J] 8.5x107% | bilayer bending modulus
= B [J/nm% |  7x1072 | bilayer bulk modulus
UGJL-% Ky [J/nm?] | 10.7x1072° | bilayer tilt modulus
a [nm] 1.7 short in-plane length scale cutoff

T reported monolayer values for DPPC from MD simulation using MARTINI
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C.2.1 VYyc Evaluated

For comparison of sufficiently large systems, see Section C.2.2,

(vl o

Yyc~1+ 5

<{Vzar |2> is proportional to a sum over all allowed Fourier modes weighted by the

appropriate spectrum. Using the definition of a Fourier transform Eq. (3.41),

2
<\Vz0+(r)|2> = < \/%ZiQTzQeZQ” > (C.36)
P Q
=17 Q| ) el (C.37)
Q

Substituting <‘z$‘2> Eq. (3.57) into Eq. (C.37),

<|Vzar 2> _ _feT

4BA,J ZQT N2 + sin? QZD/Q) (C-38)

Following methods similar to Section 3.3.3, <|Vzar ‘ > (C.38) is further rewritten,

2 kpT [T Qr (1+&Q2)
([l = 2:352 / dQ, \/4+4§3ng+ - (C.39)
kpT ¢l
= Tl (1_25_3) In (Hm) 52 o
(C.40)

where 7/a is the short wavevector cutoff,

a=-2._"& (C.41)
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and

= € (C.42)
2\/1—%

Since the tilt-associated length scale & = /K./Ky (typically ~10 A) is less than
= {/K./B (typically 40 - 60 A),

1 2
4(5)
2\ a
1 /7 2
% p— JR—
=3 (%)
Since £ > a and assuming ¢ < a which is related to the system size, 7 > 1 > 7.
Consequently, <|Vzar }2> Eq. (C.40) is significantly simplified

(C.43)

Il
ki

(C.44)

Il
o

kgT T s T
<}Vzar‘2> ~ 4:}(0 (ln (U +V1 +U2> . + 22—3\/1 +v? 0> (C.45)

_ 41?12 (21 (7;5) <%§9)2> (C.46)

Substituting <‘Vzar‘2> Eq. (C.46) into Yyc Eq. (C.35), the tilt-dependent UC is

wer 1o P20 () 4 (%)) ©an

o M k‘BT 7T§9
=+ 5 < ) , (C.48)

where \If{’% is the UC without considering tilt. Using the fitted parameter values from
Section 7.1 (a = 17T A, ¢ =59 A, & = 8.9 A, and K,/(kgT) =~ 20; see Table C.2),
Uyc Eq. (C.48) is approximately 1.015 and 1.01 with and without tilt, respectively.
Including the tilt degree of freedom increases the height spectrum at larger @), as

compared to the tilt-independent model. Therefore as expected, the average angle
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between z and the local bilayer normal is larger in the tilt-dependent model.

C.2.2 Averages of Quantities Dominated by Short Length

Scales

In Section C.2, the undulation correction Wy was shown to depend on <‘Vzar ‘2>,
(|rngl?), <|VzO } >, and (|mg|?). However, the latter three thermal averages were

neglected in Section C.2.1. (Jmg|?) <|V,zO } >, and (|mg|?) are derived, and it is
argued that these averages are domlnated by short length scale fluctuations. When
comparing two systems with sufficiently large areas, ‘Ifgg 4 Eq. (C.34) is the same for
both systems, and therefore, it is unnecessary to include \Ifgg Y in Yyc.

To calculate the ensemble averages (|1hg|?), <‘VZO | > and (|myg|?), the complete
Watson et al. model [1] is required. The Watson model is extended to describe bilayer

stacks by adding the bilayer interaction term

g [, (1) — 2 ()], (C.49)
and rewriting the fields as functions of the stacked bilayer index j. Following Watson
et al. [1], the microscopic surface tension is neglected (v, = 0), see Section IIIB [1].
Additionally, protrusion fluctuations are also neglected because they are not coupled
to either the bending or peristaltic modes for vanishing microscopic surface tension.
The resulting free energy functional is expressed in Fourier space as a sum of undu-

lation (u) and peristaltic (p) contributions

Fu = Zf Q) Af(Q) (C.50)
and
Fo=) 5(-Q)BE(Q), (C.51)
Qr

respectively, where
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£.(Q) = (26 m'é, Mg €q); C.52)
£,(Qr) = (2q,. Mg, M&, ). (C.53)
kbQ* + 2Bsin*(Q.D/2) —ik2Q? 0 Q?*Q1/(2bo)
ikQ; ko + kLQ; 0 iQr§2/ (2bo)
A= . (C.54)
0 0 Ko + R 0
020/ (2bo) 0,/ (2bo) 0 ka /B2
and
2 . .
WG HRQL - kRQY 0
B=| 90 0 ipbQd g+ RQ2 0 : (C.55)
0 0 Ko + fﬁlthg

The peristaltic contribution ﬁp Eq. (C.51) is only a function of Q, = (@), @,) because
peristaltic fluctuations of different bilayers are not coupled by the bilayer interation
term in Eq. (C.49). Intuitively, fully hydrated bilayers in a stack are far enough apart
that peristaltic modes in different bilayers are unlikely to be significantly correlated.
First, (Jmg|?), <‘Vzo | > and (|my|?) are derived, and then, it is shown that (|1hg|?),

<|Vz0_ | >, and (|mg|?) are primarily determined by short length scale fluctuations.

Deriving <|rh0|2>

Using the definition of a Fourier transform Eq. (3.41),

/\H

e

(I

~ 1 2 i Nr
Q.Q’
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The thermal averages in Eq. (C.56) are evaluated using A Eq. (C.54) and the relation
between a Hermitian matrix and a thermal average, see Appendix A.1. Note, Fu
Eq. (C.54) and F,, Eq. (C.55) do not have a multiplicative 1/2 prefactor, and therefore,

kT

(IFQ@F@)) ==-H"dq q. (C.57)

where H is a Hermitian matrix. Simplifying the thermal average dependent part of
Eq. (C.56),

m5|2>+<

7

< &
keT 1 | .
= =5 (Agz+Ag3) do o (C.58)
kgT 1 k.Q* + 2B sin*(Q.D/2)
= r bq,-q' C.59
2 (me T re@ R [k.Q!+2Bsin’(Q.D/2)] ) "7 (C59)
kT £at+2an(Q:D/2)| 1+ 8.QDY o
Q,-Q" :

= - 1 - -
oL+ Q8 | 8Qit 2si?(Q=D/2)(1 + £Q2)

where
QQ
k.=kl — — 61
c c 4ij7 (C 6 )
& = k./B, (C.62)
ég = kc/’%h (C63)
and
Eoy = Fw/Fo- (C.64)

Substituting Eq. (C.60) into <|rh0\2> Eq. (C.56) and following methods similar to
Section 3.3.3,
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ApJ w/a 27 ™
T 5 C
§—> (27r)3/7r/a dQ Q/O d@/_ﬂdw (C.65)
(o)
W[ Q[T (€101 + 25in*(w/2)| (1+ €2,Q2)
L /w/a @ L+ €2,Q3 /—w A §4Q1 + 25in’ (w/2)(1 + £Q3)
(C.66)

Deriving < ! Vzy |2>

Using the definition of a Fourier transform Eq. (3.41), and B Eq. (C.55),

<|Vz0_( <‘\/_ZZQTZQ ' > (C.67)
Z —0,0 <|ZQ‘> i(QetQ))r

p Q:, Q/

kBT Z —Q.Q' By ! RIS N4 TS

p Qr, Q/

k‘ T

b 2Bi1, (C.68)
where
_ kbQ? + ko
B 1(Q) = (C.69)

b, O 1 02 (Fakt _ meQ _ 92 | kare
keroQr + Q7 ( a2 ) TR

Following a similar methodology to Section 3.3.3,
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A w/a 2
d> = (2;)2/ dQ, QT/O do, (C.70)
Qr g

/@

and <|Vz§}2> Eq. (C.68) is further rewritten,

kgT [T

/a
(v [*) ~ = . o @B (C.71)

T™/a

Deriving (|myl?)

Using the definition of a Fourier transform Eq. (3.41) and B Eq. (C.55),

(lmof*) = Ai > [<|m‘<5|2> - <|m{i|2>} Qe QL) x

P Qq
k’BT w/a

[ dQ-Qr (B3 +Big) (C.72)

w/a

where

byd Q% | ka
k2Q, — _bQT + b

B, 5(Qr) = : (C.73)
RiroQd + Q2 (Kagt — 58— ) 4 bago
) 1
B3s(Qr) = poyort (C.74)

System Size Dependence

The critical issue for comparing systems of different lateral size is the extent to which
(V=] (). (95 ,
ations. Therefore, the a-dependence (a is the long length scale cutoff) of \IIS)C -
Egs. (C.40), (C.66), (C.71), and (C.72), respectively — are investigated numerically,

), and (|Jmg[?) are sensitive to long length scale fluctu-

(C.75)
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If \IIS)C is dominated by short length scale fluctuations, then it is expected that ‘IIS)C (a)
decays rapidly for increasing a. Since some of the \IJS)C depend on parameter values
not yet experimentally assessable, parameter values from MD simulations are used [1],
see Table C.2. A\Ifg)c Eq. (C.75) are plotted in Fig. C.5. {|Vz{|) decays slowest and
therefore is most system size dependent. For a system with radius ~ 200 A, the
other three averages are within 1% of their value for an infinite system. Therefore,
it will often be unnecessary to include their contributions to Wyc because most ex-
perimental and simulated systems have radii greater than 200 A. To compare most
experimental and simulated systems, the UC derived in Section C.2.1 which only
considers <‘V,zar |2> is sufficient.

Moreover, (|mg|?), (|Vz;|), and (Jme|?) depend on moduli values that are not
currently determinable by experiment (Q, ki, and k%; see Table C.2 for definitions).
Therefore, the aforementioned averages can only be evaluated using moduli values
determined from simulations. Using values in Table C.2, the contributions from all
four averages for a = oo are summarized in Table C.1. Using the values in Table C.1
and Eq. (C.33), Uyc =~ 0.998.
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20 25

Figure C.5: (|Vzf|), (jmol?), {|Vz|), and (jmg|?) - Egs. (C.40), (C.66), (C.71),
and (C.72), respectively — are plotted as functions of a. The relevant material pa-
rameter values are summarized in Table C.2. The curves are normalized at a = 2
nm.
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Miscellaneous

D.1 a-Dependence of Structure Factor

In Section 6.1.4, it was established that varying the value of a only affects S(FjCD,1 (G, q2)
at greater g,-values (¢, = 7/a). Fixing K., Ky, and B, the structure factor as a func-
tion of a is explored. Restating Ssp Eq. (5.9), the structure factor for a single domain

is expressed as

L'r
Sso(gr, g 7) = 712> (J = j) COS(qsz)/ dr rF, (LL) Jo(grr)G(r, 4, ¢257'),
=0 0 "
(D.1)
where the 7'-dependence in
q2
Glrdar) = exp { =S (/6. 0.7} (D2

has been stressed. As discussed in Section 4.1, changing the height-height function’s
upper integration limit approximately adds a constant to the height-height function,
see Eq. (4.9),

DQn
hj(ﬂ? Ea Tl) ~ hj(pa E? T) + 22 CT(T7 7—/7€>a (D?))
where

221
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() D

Therefore, in the present context, 7/ and 7 only differ because of different a values.
Substituting h;(p, ¢, 7") Eq. (D.3) into Ssp Eq. (D.1),

Ssp(Grs ¢z 7")

_ L2 ! . . br r _g hi(p,l,7")
=mnlL: (J —j)cos(q.jD) dr rF, I Jo(gor)e 2" (D.5)
=0 0 ’
. J-1 L . ,
e 22t 0T 2N (T — ) cos(q D) / dr rF, (L—) Jo<qrr>e-qfhf<f’“>]
=0 0 r
—Q&CT(T 7'.0)
=e 2227 TS (qr, 425 7). (D-6)

Eq. (D.6) suggests that structure factors with different values of 7 and 7’ because
of different values of a have significant differences as a function of ¢, due to the
¢.-dependent multiplicative prefactor. Note, Eq. (D.3) is reasonable for ;7 > 1 and
p > 20, and therefore, it is expected that Eq. (D.6) is an increasingly poor approx-
imation for increasing ¢.. In Section 6.1.4, the a-dependence of Sccp is presented,

and Eq. (D.6) is shown to be reasonable.

The effect of a on the structure factor was demonstrated using Ssp Eq. (D.1).
The various sample and experimental concerns relating Ssp and Sfcp ; discussed in

Sections 5.2 and 5.3 only slightly influence the prefactor 3

2 12
exp {—q—ZﬂCT(T, T’,ﬁ)} : (D.7)
T

If only an upper bound on the value of a is assessable, the presented a-dependence
of the structure factor is particularly important in estimating the uncertainty of the

determined |F(q.)|” as discussed in Section 6.1.4 and shown in Fig. 6.12.

30The most significant modification to Eq. (D.7) is due to the geometric broadening in the p.-
direction.
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D.2 Computational Precision of S(}’;CDJ

At the end of Section 5.4, Egs. (5.145)-(5.148) describe a methodology for calculating
the predicted scattering intensity. The first two equations are reproduced below for

convenience,

/ H ]D QZ qzhj +j2D25*2 QZJD
_ z z e s D.
g a.) = / dr H, (r) Jo(aer) o (0 22). (D.9)
0

Since the integrand of f, is oscillatory about » = 0, the numerical evaluation of f,

requires the summation of many positive and negative terms of similar magnitude.

Even though f; is theoretically positive definite, the numerical calculation of f;
is negative for some parameter values and (g, q,). fo < 0 is more common for larger
q,-values because Jy(g,r) is increasingly oscillatory. The negative fo-values are the
result of f; and H, being tabled and interpolated to finite precision. If f; and H,
are more precisely calculated, the number of negative f;-values is diminished, but
the analysis program runs much more slowly. f; and H, are calculated at sufficient
precision so that the instances of fy < 0 is typically of order 1 in 1000. When a
negative fo(q’,q,)-value is calculated, fo-values calculated at neighboring g¢,.-values

are interpolated to determine a positive fa(q, q.)-value.

D.3 Numerical Integration Issue

It was found that for p < 1 the GNU Scientific Library numerical integration returns
incorrect values for ho(p, ¢,7) when compared to Mathematica. For p < 1, Jo(v/2vp)
can be replaced by the first two terms in its Taylor series about p = 0, substantially
simplifying the integrand of Eq. (4.1) and leading to an analytic solution to the
integral. Beginning with Eq. (4.1) and replacing Jo(v/2vp) with its truncated Taylor

series,
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D [T 1-Jo(V2
ho(p, 0,7) = —;7/ du 0 (V20p) (D.10)
2w 0 v 1+ v2
VA=Y 1+vf
D2 T 1-— - ﬁ
~ 21y ( ’ > (D.11)
272 0 v 1 v2
V14wl + 1+vf
D?p’n 2 —2 21 + 0+ 2f.(7)
B2 /¢ = ((f. —1) = 1 , D.12
= tilptr) = 257 (e - - (57w ()]

where 7 = 1 (%5)2 and f.(x) = V14 a2l + 2. The difference between the exact

2
Eq. (D.10) and approximate Eq. (D.12) forms is quantified by

ha(p, €, 7)
hO(p7 67 T)
In Fig. D.1, Eq. (D.13) is plotted as a function of p for £ = 2 and ¢ = 0. For p < 0.005,
3.5 x 107° < hd(p,¢,7) < 8 x 107°, and therefore, Eq. (D.12) is used to calculate
h;(p, ¢, 7) for p < 0.005 and j = 0.

Ahy(p, b, 1) = ‘1 — . (D.13)

0.002 0.004 0.006 p 0.008 0.010

Figure D.1: The relative error of approximating the Bessel function with the first 2
terms in its Taylor series about 0 as a function of p for ¢ = 2 (black solid line) and
¢ = 0 (red dashed line). The solid and dashed lines are upper and lower bounds,
respectively, for the relative error. A typical value of 7 = 50 was used.
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D.4 Deriving Tilt-Dependent Fluctuation Free En-
ergy: AFq

In Section 8.2.2, the tilt-dependent fluctuation free energy per unit area of one bilayer
AFq is used to determine the Hamaker parameter H of a stack of DOPC bilayers.
Below, AFy is derived.

The bilayer stack undulation free energy F, Eq. (3.51) is treated as a Hamiltonian,

j{:f Q UI(Q), (D.14)
where

f.(Q) = (za, gy, mé) (D.15)

and

K.QY +4Bsin*(Q.D/2) —iK.Q> 0
U= ZKcQ% KCQ?« +Kg O |- (D.16)
0 0 Ky

JFq is related to the partition function Zj,

Fa= —%mzﬁ, (D.17)

and therefore, the partition function is derived,

Z = / A[£.(Q)] exp{—BHa} . (D.18)

Substituting H, Eq. (D.14) into Z4 Eq. (D.18),
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z-11 Jar@les{-Sn-@uii@} (D.19)

_ 1;[ <5 d;;m>l/2. (D.20)

Fa Eq. (D.17) is evaluated using Z5 Eq. (D.20),

_ 1 N Bdet [U]
—— o2
S R (0.22)
Q=
where
Ai@) =" b [eq (25, D23

The free energy of interest is the difference from a reference state with B = 0,

AFy = Fa(B #0) — Fa(B =0). (D.24)
Using
2 4 212y 2 [ @D
det [U] = K {KCQT +4B(1 + £Q;) sin ( 5 )} , (D.25)
AFu(Q.) is expressed as
kgT A, 4sin® (Q.D/2
AF(Q:) = = /dQQr In (1+ Snggé />(1+53Q3)) (D.26)

ksTA, [™° 4sin?(Q.D/2
:]34—7T/0 40, O, In <1+ SmgQﬁ /)(1+§§Q3)>. (D.27)
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For & — 0 AFu(Q.) Eq. (D.27) reduces to the tilt-independent result; the tilt-
dependence is significant for Q, > 1/&, (for reasonable estimates of & ~ 9 A and
a~ 16 A, 1/¢ < 7/a). Finally, using AFa(Q.) Eq. (D.27) and Eq. (D.22), the

fluctuation free energy per unit area of one bilayer is

~ AT
AFq = D.28
Fa A, ( )
kyTD [™/P /”/“ ( 4sin® (Q.D/2) 22 )
= d@), d@, Q,In {1+ 14+ )
82 —n/D @ 0 @@ 54Q;4~ ( S )
(D.29)
In the limit & — 0 and a — oo,
lim AFy = AFST (D.30)
e
ksTD [P /°° ( 4sin?(Q,D /2))
= dQ. dQ, Q,In 1+ D.31
87 J_z/p < 0 @ Q §1Q; (D-31)
kgTD [™P ,
= — d@, |sin(Q,D/2 D.32
57 | Q. [sin(Q.D/2)| (D.32)
ksT | B
_ 2 D.
2 \ K, (D-33)

where Afjﬁ’“{ is the tilt-independent fluctuation free energy per unit area of one bilayer

and was previously derived [58].
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Vesicle Undulation Correction

Another method to measure the form factor |F| uses scattering from so-called large
unilamellar vesicles (ULVs) [85]. That method does not determine values of the me-
chanical moduli which is the primary focus of this thesis. In the past an undulation
correction (UC), see Section C.2, has not been applied to | F'| determined using scatter-
ing from ULV. Previous researchers argued that a UC was unneccessary because “long
wavelength undulations are suppressed by the vesicle size” [85]. Certainly, a vesicle’s
size limits the longest possible undulation wavelength, but for a quasi-spherical vesicle,
undulations with wavelengths shorter than the vesicle’s circumference are permitted.
In principal, to compare ULV |F| and |F'| determined using oriented stacked bilayers

or |F| determined from simulations, the ULV |F| should be undulation corrected.

In Sections E.1 and E.2, a UC is derived for spherical and planar geometries, re-
spectively. The spherical geometry is more appropriate for the description of vesicles,
but the planar geometry is simpler and is used for comparison, see Section E.3. It
is shown that the vesicle UC tends to be smaller than the planar membrane UC, see
Fig. E.1, because of differences in their respective height spectra, see Fig. E.2. Addi-
tionally, the vesicle UC is reduced by finite effective surface tension (), see Fig. E.3.
For 250 A radius ULV and a = 17 A, the vesicle UC is calculated to be less than
1.005, significantly less than the typical UC for oriented bilayer stacks, see Table C.1
(specifically the “Tilt” and “Tit” columns).

228
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E.1 Spherical Geometry

The vesicle height fluctuation spectrum was first derived by Milner and Safran [108].
Since it is convenient for later derivations, the notation of Barbetta et al. [109] is

followed. The quasi-spherical vesicle’s shape is parameterized in spherical coordinates

r = R[1+u(f,¢)r, (E.1)

where u(6, ¢) < 1 and descibes the vesicle’s deviations from a sphere with radius R.

The vesicle free energy will be described within the Helfrich model [10]

H = / dS (2K.C? + o), (E.2)

where S is the surface of the vesicle and C' is the local mean curvature, essentially
V22 /2. In the context of describing a quasi-spherical vesicle, o is an effective surface
tension since it was introduced as a Lagrange multiplier to approximately constrain

the vesicle’s surface area [108].

Decomposing u(f, ¢) into spherical harmonics Y™,

U,
u(0, ¢) = J‘% + ) Y (0, 9), (E3)
where
U = (—1)",, (E4)
and

L ¢
DD I )
w =2 m=—/¢
L is a high wavevector cutoff. Note that the ¢ = 1 modes are discarded since they
correspond to translations. Barbetta et al. [109] expressed the vesicle height-height

fluctuation spectrum as
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kgT
(g mtter ) = (—1)" === G000, (E.6)
H,
where
Hy=K.(0—1)(L+2)(?+(+5) (E.7)
and
7 =oR*/K.. (E.8)

The vesicle UC is proportional to <]Vu(9, ¢)]2> where V only acts along 6 and &,

9 ou - 1 ou |
(IVu(®,9)") = < a0 T 695 > (E.9)
/[ |0u 2 1 |oul?
“\ |00 sin? @ 8_gb
= (Jugl?) + = (Jugl?) (E.10)
sin“ f

du
oi °

ously [109]. In the interest of completeness and to facilitate future tilt-dependent

where u; = Relations for both <]u9]2> and <|u¢|2> have been presented previ-

extensions, derivations of <|ue|2> and <|u¢|2> are given below.

E.1.1 <]ua|2>

USlIlg u(67¢) Eq (Eg)a <u€,mu€’,m’> Eq (E6)7 and (_l)myé_m = (}/Em)*a
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<|u0‘2> _ Z 8Y£m(Q) aYém,(Q)

90 90 <Ug7ng/7m/> (Ell)

w,w’

5(,6’ 6m,fm’

S (1) keT OY;™ OV
/ o, 99 00

w,w

kgT oY, oY, ™
Z(_l)m B £ J

. a, 90 06
L é m m o\ *

:Zk?T > oV 0" (E.12)
[, ~, 00 00

The m-dependent part of <\u@|2> in Eq. (E.12) is further simplified using the addition

theorem for spherical harmonics,

20+1

Y Y (O, )Y (62, 00)]" =

m=—/

Pylcos(7)], (E.13)

where P, is the Legendre polynomial of order ¢ and

cosy = cos 6y cos Oy + sin 0y sin Oy cos(p; — Po). (E.14)

Setting ¢1 = ¢ = ¢ in cos~y leads to cosy = cos(fy — 6), and differentiating both
sides of Eq. (E.13) with respect to #; and 6,,

¢ 20+ 1
S 0O O G2 ) =

m=—t
2041 0 (O(cosvy)dPy(cosy)
T 4r 06, ( 00y d(cosv) )
20+1 0 (. dPscosv)
- (e )
20 +1 .5 d*Py(cosy dPy(cos )
T (_ sin d(césv)2) T oosy d(c(osv) )
(E.16)

891892&[005(7)] <E15)

where 0; = %. Using the Legendre differential equation,
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d*P,
sin’ fyd(c%oj)w —0(L+ 1) Py(cosy) + 2 cosy

dPy(cos~y)

T(oos ] (E.17)

and setting 6, = 0, = 0, Eq. (E.16) is rewritten as

. 2+1 _ cos(0) FEelcosy)
mem 0¥, (0, 0)]" = = (W T DPU0) = cos(0) =772 ,Y:O>
(E.18)
20+ 1 0(0+1)
= ym (£(€+ 1) — T)
_ (254: 1) W; 1)7 (E.19)

where the Legendre polynomial property that a derivative evaluated at an end point
is Py(1) = WQLI) was used. Substituting Eq. (E.19) into <|u@|2> Eq. (E.12) finishes
the derivation of <|u@|2>,

kpT o ((0 (20 +1
<’U/9’2>: B Z + +)

- (E.20)
(=2
2
E.1.2 <\U¢| >
Using u(6, ¢) Eq. (E.3),
(lug*) = Z%Yé D)0 () (gt ) (E.21)
kgT _
2 (1) 7, Y(0sYe
L ¢
kgT
=32 N 0. ymos (Y (E.22)

The m-dependent part of <|u¢]2> Eq. (E.22) is simplified utilizing the addition the-
orem for spherical harmonics, Eq. (E.13), but now ; = 6, = 6 — cosy = cos? +
sin? § cos(¢; — ¢2). Differentiating both sides of Eq. (E.13) with respect to ¢, and ¢,
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Z 0o, Y™ (0, 61) 0, [V (0, 62)]"

m=—/
20+ 1
-~ Dy .60 Pr[cos(7)]
_2+10 <8cosvdPg(cosy))
4T ¢ ¢2  d(cos?)
C2+10 dPy(cos7)
=~ 5 (sm 0 sin(¢p1 — ¢a) d(cos )
20+ 1 4 d*P,
= (— sin @ sin®(¢; — ¢2)% + sin® 0 cos(¢1 — @)
Setting ¢1 = ¢ = ¢ in Eq. (E.24),
¢
. . . 2041 [, dP)(cos7)
3 .o o = 4 -
_2+1 Sinzeé(ﬁ—i— 1)_
47 2

Substituting Eq. (E.26) into (Juy|*) Eq. (E.22),

kT ZL: 00+ 1)(2041)
& = ﬁe

= sin? 6 <|u9|2> :

<]u¢\2> = sin” ¢

E.1.3 Spherical UC

dPg(COS v)

233

(E.23)

)

(E.24)

(E.25)

(E.26)

(E.27)

(E.28)

Finally, combining <|ue|2> Eq. (E.20) and <\u¢,]2> Eq. (E.28) the UC for a spherical

(s) vesicle is
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Uo=1+ L <|Vu Q) (E.29)
=1+ = <<yu9| )+ ;29 <]u¢|2>) (E.30)
_ . keT & 0+ 1)(20+ 1) (E31)

16K <= ((—1)({+2)(+L+05)

where the definition of H, Eq. (E.7) was used. W%, is a function of K, &, and the
vesicle’s size. Barbetta et al. argue that the largest appropriate spherical harmonic

is

L=|V4+Rja® —1], (E.32)

where R is the vesicle radius, 7/a is the longest considered wavevector, and |z | returns
the integer part of . For R/a > 1, L ~ |R/a|. Also, Barbetta et al. conclude that
o ranges from —1072* J/A? for a vesicle with a radius of 50 nm to —1026 J/A? for

a vesicle with a radius of ~1um. Assuming K, ~ 107! J, then 7 Eq. (E.8) is -0.9.

E.2 Planar Geometry

An approximate vesicle undulation correction can be derived using the single planar

membrane height fluctuation spectrum,

kgT 1
<|Z(—5r 2> = Zp (KcQ4 +UQ2) 5Qr,—Q£7 (E'33)

where ¢ is the membrane surface tension. In Appendix C.2.1 it was shown that the

undulation correction is dependent on <\Vz+\2>,

2

(Iv=0f) =< Y Qa4+ Qu¥)2qu (Qe)e @™ > (E.34)

Qa,Qy

kBT
= Z R Q2 — (E.35)
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Assuming the step size in @, is sufficiently small, ZQr is replaced by (2‘47‘))2 [dQ..

m/a and 7/a are the longest and shortest @), modes, respectively, and

N 9 _M w/a 1
(vl =5z | 9@ g, (E.36)

_ kgT | K, m? L ) K, m? .
= K, n 2 o n = oll.

The single planar (p) membrane UC is

(V=)

yP =1
19[@] + 9

(E.37)
~ 1 1+ 0'(12

In (9) 4 on | — B ) (E.38)
a 2 1+ IgC“WQ

E.3 Spherical and Planar UCs Compared

kgT

=1
* 4K,

The spherical and planar UCs (Egs. (E.31) and (E.38), respectively) are reproduced

for convenience,

L
Yoc =1+ 1](;?7[;’0 — (- f%;ﬁ;;?ﬁ?ilg +0) (E-39)
and
kT R\ 1. (1+2%
UPo=1+ i | (5) +5n (@)] , (E.40)

respectively, where a was replaced by R in Eq. (E.40). In Fig. E.1, Egs. (E.39)
and (E.40) are plotted as functions of R/a for 0 =0 (= ¢ = 0) and K./(kgT) = 19
(recall that L = |\/4+ R2/a? — 1]). UP is consistently larger than W$ . because
of differences in the planar and spherical height fluctuation spectra. The planar and
spherical height spectra are plotted in Fig. E.2. While both spectra decay with the
same exponent for large wavenumber, -4, the spherical spectrum decays slower at
small wavenumber. In Fig. E.3 Eq. (E.39) is plotted as a function of & for values
of R/a = {10, 20, 40, 80} and K./(kgT) = 19. Due to stability considerations,
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the minimum value of & is -6 [109], and the maximum value is approximately 100,
assuming that ¢ < 10 mN/m. The value of 7 is different for each vesicle, and typical
values of ¢ are between 20 and 60 for GUVs [110]. The values of & for ULVs are
unknown. Assuming ¢ > 0 and a = 17 A, %, < 1.005 for a 250 A radius ULV,
significantly less than typical Wy for stacked bilayers, see Table C.1 (specifically the
“Tilt” and “TAt” columns).

1200 r—————7———7 7 7]
g 1015 ;
+—
3 P ]
= e ]
] i
© r e ]
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2 r ]
= ]
= i
< 4
e = 4
= 1005 [ .
1000 '-_l PR SR SR SR N WA SRR TR SR (NN SR SN WU SR [N T SR SR S I S S S l:
0 20 40 60 80 100

R/a

Figure E.1: The spherical and planar UC are plotted as functions of R/a for ¢ = 0.
The steplike features in W, are due to the discrete nature of L in Eq. (E.39).
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[52]
n

I
o
1

— planar 3
- — —gpherica 3

5
S
LRALLL e

Height Spectrum [arb. scale]
H
N O(AJ
T

10 3
10°F ;
0
100, 1 1 1 1 13
2 4 8 16 32 64
wavenumber

Figure E.2: The planar Eq. (E.33) and spherical Eq. (E.6) height spectra are plotted
as functions of the wavenumber for ¢ = 0. The horizontal axis is log base 2.
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Figure E.3: U is plotted as a function of & for several values of R/a.



Appendix F

Relating the Tilt Field and the

Order Parameter

Recently, it has been suggested that molecular tilt makes a significant contribution
to the membrane free energy [21, 32, 1, 22, 31]. In this appendix, predictions of a
tilt-dependent model are related to attributes of fluid phase acyl chains. First in
Section F.1, a single membrane free energy is introduced. Then in Section F.1.1, it is
shown that the chain order parameter S, and the thermal average of the tilt field are
related. In Section F.1.1, relations between S, and Ky are derived, assuming either a
continuum or a discrete set of in-plane wavevectors. Finally in Section F.2, it is shown
that correlations between tilt fields of different bilayers are negligible, consistent with
the common assumption in the analysis of wide angle X-ray scattering from stacked
bilayers [53].

Tilt quantifies the deviation of a director of a lipid molecule from the local mono-

layer normal and is defined,

n
n-N

m - N, (F.1)

where N points along the monolayer normal, n is the lipid director, and n-N = cos 6.

n and N are unit vectors. Using the definition of m Eq. (F.1),

238
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9 n-n n-N
S -2 NN F.2
it = N (N (F2)
J— 1 _
"~ cos2d
= tan’ @
~ 0>, (F.3)

F.1 Single Membrane Free Energy

Tilt-dependent predictions are derived using the complete Watson et al. model [1] but
neglecting protrusions. Such a model was previously expressed in Appendix C.2.2,
where it was augmented by an intermembrane interaction term. Here, only a single
membrane is considered so the results from Appendix C.2.2 are used in the limit
B — 0.

F.1.1 Order Parameter Relations

Previously, a relation between the order parameter Sy, and K, was suggested [93],

3kgT
Ac(l - Smol)’

where A, is the area of a lipid chain and Kj is a bilayer modulus. Below, different

K§Pl = (F.4)

relations between S, and Ky are derived. Starting from the definition of the order

parameter

29 _
Smol = <3COST01> (F5)

3{cos?0) —1
2
31622 -1

= (6?) ~ g (1= Sn). (F.6)
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where 6 is the angle between the local monolayer normal and the lipid director. Using
Eq. (F.3), Spo is related to the tilt field of a monolayer of a bilayer

m=—— (F.9)

and

m® — m®

. (F.10)

=
11l

Additionally, (mm) = 0 since m and m are not coupled in the complete Watson
model [1], and therefore Eq. (F.8) is simplified

4

(bf?) + (jmf?) = 5

(1= Simol) - (F.11)

<]rir1\2> was also previously evaluated in Appendix C.2.2. Using Eq. (C.59) for
B=0,

9 kgT 1 1
= — F.12
(=250 e T ) (F.12)

where the factor of A, is from the definition of the Fourier transform, see Eq. (3.41).
<|rh|2> was previously evaluated in Appendix C.2.2. Using Egs. (C.73) and (C.74),
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(¢} 2
12 kgT ka4 - % + lz_? 1
<|m| >:ZQA kakb Q o2 k + + Kiw@?
Q. ka9Q4+Q2(A —19—0—@>+?)—3@ o T Fwler
(F.13)
kgT 1 1
— Z + (F.14)
24 4k A k2 Q2 —Q2Q2 w2
e TP\ Mot 4(kEbRQE—Qb0Q2+ka ) o i Qr
kgT ( 1 1 >
= + , F.15
%; 24, \kof(Qr) Ko+ Kiw@? ( )
where
Ak A kPQ? — Q2 Q?
Q) =1+ LA @ (F.16)

4k (KOU5QE — QboQ? + ka)

Using Egs. (F.12) and (F.15) <‘m |2> is evaluated assuming either a continuum or

discrete set of in-plane wavevectors.

Continuum of Tilt Modes

Assuming the step size in @), is sufficiently small, ZQ is approximated by f dQ,,

9 A m/a kpT [ 1 1 2
m|") ~ =2 B
(o) = e [ 00 30 15 (1 7an) * )

/-CBT 1 2
= Ty /o a6 @ [1 TRay Ty EEWQ%} (F.18)

where

€2, = Kow/ Ko. (F.19)

For simplicity, let f(Q,) — 1. Note, however that
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W/ad @ 1.05 F.20
/0 O Fan ~ (F.20)

7T2
< — =~ 1.708 F.21
e~ LTO8 (F.21)

using the monolayer moduli values in Table C.2 and @ = 1.7 nm. Therefore, f(Q,) =1
overestimates <|m(1)’2>. Using f(Q,) = 1 to simplify Eq. (F.18),

o [ M {1+<5§ww/a>2]

() 2> _ T F.22
(m® oy | 202 282 (¥-22)

kT In(1+72)
= 1 F.23
2@2K9 ( + 7'l2 ’ ( )

where
7= EwT/a (F.24)
Kiw

= ?teﬂ a (F.25)
= &w/a (F.26)

and bilayer moduli were substituted for monolayer moduli assuming that they are
related by a factor of 2.
Substituting <}m(1)|2> Eq. (F.23) into Eq. (F.11),

mksT In(1+72) 4
1 ~—(1— F.2
202K, < + 2 3 ( Stnol) (F.27)
3rkgT In(1+ 72)
Kym————(1+—=|. F.2
=0 82 (1= S ( M (F-28)

Literature values are Ky, = 0.9 x 1072 J and Ky = 6.6 x 10720 J/nm? [25], giving
fow = 3T A If &, < a = 15 A, the 7'-dependent part of Eq. (F.28) can be simplified

and
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OQE%@%Q (F.29)
Eq. (F.29) is similar to K§*" Eq. (F.4), identifying 4a®/7 — A.. However, A, ~ 34 A2
and 4a?/m > 80 A2 assuming that a > 8 A. Therefore, for DOPC at 30 °C,
A. = 34 A2, St = Sxaray/1.35 = 0.27/1.35 = 0.2 [53], and a = 8 A, Eq. (F.29)
predicts a significantly smaller Ky (19 mN/m) as compared to the prediction of K§Ft
Eq. (F.4) (46 mN/m). For increasing a, the disagreement between Ky Eq. (F.29) and
K§PL Eq. (F.4) increases. K'Y = 46 mN/m compares favorably to the value of 66
mN/m determined from an all-atom CHARMM simulation of DOPC [25]. Assum-
ing a continuum of tilt modes does not yield a reasonable prediction for Ky given

experimental values of Sy,

Discrete Tilt Modes

Instead of making the replacement ZQr — (ZAT")Q [ dQy, ZQr is evaluated assuming a
discrete set of in-plane wavevectors. There are N, independent chains, and therefore,
A, = A.N.. Using Eq. (F.12), Eq. (F.15) and f(Q,) =1,

(1) 2 - kBT < 1 )
m = 1+ — F.30
<’ | > QZ Aprig 1+ 63,07 (50
2kgT 1
= 14+ — F.31
cg%m(*d+%m> (5

w/VA: /A

= I+ ——— (F.32)
AN Ky 0iz0 9=0 1+ &2,Q?
VN VN2
TS ( )
= 1+ e (F.33)
ANKo =55 L+ G55 +52)
2T
Ac, &iw), F.34

where
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VN

é

1

N,
Cl:O_]

f(Aca ftw =

1
. (F.35)
(o)

Substituting <\m<1>|2> Eq. (F.34) into Eq. (F.11),

I
=)

) 2 ~ —2kBT =~ Z_l —
<]m | > f(Ac,ﬁtw)AcKe 5 (1= Suol) (F.36)
kT
= Ko ~ f(AC7£tW)2AC (1= Sma)’ (F.37)

Eq. (F.37) is similar to the relation derived in [93], see K'Y Eq. (F.4). For A, =
34 A? (typical value for DOPC), the value of f(A., &y is between about 1 and 2 for
3.7 A < &, <0 and 25 mN/m < Ky < 50 mN/m. For &, = 0, Ky Eq. (F.37) is
equivalent to K§PY Eq. (F.4). The effect of twist is to decrease the power in <}m5r |2>

and <\mér\2> for Q, 2 1/, see Egs. (C.59) and (C.74), respectively. Therefore, a

nonzero Ky, diminishes <’m(1)}2>. Evaluating the sum over modes instead of using
an integral approximation results in a Kjy-value that is more consistent with values
determined from experiments and simulations. Similarly, it was previously argued by
Lindahl and Edholm [19] that the mean square amplitude of the undulatory modes
is different by a factor of about 2, depending on whether a sum over the modes or an

integral approximation of the sum is evaluated.

F.2 <

In Section F.1, a single membrane free energy functional was used to predict the ther-

2> of Membrane Stack

mal average of the tilt field <|rh\2> Previously, the wide angle X-ray scattering from
stacked bilayers has been analyzed to determine Sx.,ay, assuming that fluctuations
of chains in different bilayers are uncorrelated [53]. The aforementioned assump-
tion is now examined by evaluating <|rhj|2>, using the stacked bilayer free energy F,
Eq. (3.4).

Following the procedure described in Section 3.3.1, the tilt spectra are derived,
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(
(

2
m'(g) > — ksT Uy} 0o

_ ksT K.Q* + 4Bsin*(Q.D/2)

06 O
Ky K.Q'+4B (1 +&Q?)sin®(Q.D/2) ¢

L2 _
g > = keT Us30q,-o

_ kT
=, ‘e-a

Moving on to calculate <]rhj]2> using Eqs. (F.39) and (F.41),

qﬁ”F>::/fJ'§: [< ﬁﬁﬂ>]aﬂh+QDT+ﬂQfH%ﬁD
1%

mM>+<
Q.Q’

_ kT Z " K.Q*+4Bsin*(Q.D/2)
A, 7K, 4

. . w/D
Substituting » o — (QAT")Q [dQ, Z2 77{/D dQ.,

(|ring[*)

kgT D K.Q* +4Bsin*(Q.D/2)

K.Qi+4B (1 + £Q2) sin’(Q.D/2)

)

w/D
- 81Ky /er /_W/D dQ <1 * K.Q*+ 4B (14 £Q?) sin*(Q.D/2)

47T2K9 —7/D

ksTD /D §'Qp/4 +sin*(Q-D/2)
d@, Q. / d@. (1 + Q44+ (1 +£2Q2) sin?(Q,D/2)

kT - QA 4 sin®(w)2)
=K, | 9@ / de (1 T EAQUAT (11 €Q2) sin(w/2)

Substituting v = £2Q?/2 into Eq. (F.45),

)
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(F.38)

(F.39)
(F.40)

(F.41)

(F.42)

(F.43)

) (F.44)

(F.45)
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iy [*)
= 47:;]2?[(9 / dv / dw( U(1++S;I2)(sfr{2()w/2)) (F-46)
:JTTK/ a0 1+ve/ w (“”“w/(f ++v;n+(§r/§gw/2>)

kBT T 1 U2 + 1—cosw
=5 | qQ dw (14 v¢ K
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(F.47)
where ¥ = .
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T T 2 1 2
:kB—/ dwor 14+ viUl+V1I+ul+u (F.48)
Am262 Ky /o (1+v0)V1+ vl + v?
kT (1+v0)?
_ L 2
212Ky vt felv) + o ([€ + 20+ 2f.(v)][l — 2v + v+ 2f.(v)]
E T
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0
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=S F4
27T52K927- ( 9)
7T]{ZBT
= F.50
K (F.50)

where f.(v) = V1 + vl + v2. <|m]| ) Eq. (F.50) is the same as <]m| ) Eq. (F.23)
in the limit &, — 0. Therefore, correlations in the tilt fields of dlfferent bllayers
insignificantly contribute to <|ﬁ1j|2>, and consequently, the common assumption used

to analyze wide angle X-ray scattering from fluid phase acyl chains is supported.
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